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C�Ôn�C�zÆ�Æ�¥�kX2��A^.

��§´nØ5�r�Æ�,du�Æ�ê¤�, ��§�nØíy��,Ïd7LÏL

�öSK5\�éVg�n)ÚÝº,ÙG�«úª�$^,l
���z!Ýº¤Æ�£�

8�.Õá�¤��´ÆÐ��§�­�Ãã.

1�Ù Ä�Vg

§1 8Ü

�¦Ýº8Ü!���Vg,�8Ü,8Ü�8Ü�m��¹!�!¿!È,8Ü����

m�'X±9f8�Vg.

½Â 1.1 �A1, . . . , An´n�8Ü,¡

A1 × · · · × An = {(a1, . . . , an) | ai ∈ Ai}

�8ÜA1, . . . , An�È(½(k�È).

~ 1.1 B ⊂ A,�BØ´A�ýf8,ù��¹�o�ÿâUÑy?

~ 1.2 b½A ⊂ B.A ∩B =? A ∪B =?

§2 N�

½Â 1.2 �X,Y´ü�8Ü.lX�Y�N�´f8f ⊂ X × Y,P�

f : X → Y,

÷v∀x ∈ X,∃1y ∈ Y¦�(x, y) ∈ f.

ef : X → Y, (x, y) ∈ fÏ~P�y = f(x),¿¡y�x3fe��,x�y3fe���_�.

½Â 1.3 ü�N�f : X → YÚg : X ′ → Y ′����=�X = X ′, Y = Y ′,�f8f ⊂ X×Y
�f8g ⊂ X ′ × Y ′´���(=∀x ∈ X, f(x) = g(x)).
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1�Ù Ä�Vg 3

��N�f : X → YdnÜ©�¤: 
(domain)X,q(target)YÚã(graph)f.·�`ü

�N���,��=�§�k�Ó�
, �Ó�qÚ�Ó�ã.

~ 1.3 �A1 = A2 = · · · = An = D = R,
f(a1, a2, . . . , an) = 0, Ù¥ai ∈ Ai,´A1 × A2 × · · · × An�D�N�.

~ 1.4 �A = D = Z,

f(n) =

{
n, when n 6= 1,

b, n = 1,where b2 = 1.

Ø´A�D�N�.

§3 �ê$�

½Â 3.1 8ÜGþ��ê$�Ò´N�◦ : G × ×G → G.��/,�A1, A2, . . . , An, D�8

Ü, ¡A1 × A2 × · · · × An�D�N��A1 × A2 × · · · × An�D�n��ê$�.2��ê$�

{¡��ê$�.

�ê$�´�«AÏ�N�,~P�◦(a, b) = a ◦ b.

~ 3.1 �A = Z, B = Z− {0}, D = Q,K

◦ : A×B → D; (a, b) 7→ a

b
= a ◦ b

´��×B →�D��ê$�.ù��ê$�Ò´Ï~�Ø{.

~ 3.2 FV¥kA��ê$�?(ØO_$�)

�A,BÑ´k�8Ü�,��A×B�D��ê$�~^Xe�L5L«

◦ b1 b2 · · · bm

a1 d11 d12 · · · d1m

a2 d21 d22 · · · d2m

... · · · · · · · · · · · ·
an dn1 dn2 · · · dnm

~ 3.3 �A = {0, 1, 2, 3, 4, 5, 6}, Aþ����ê$��L«�

◦ 0 1 · · · 6

0 0 1 · · · 6

1 1 2 · · · 0
... · · · · · · · · · · · ·
6 6 0 · · · 5
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Á�ÑA∗þ���“¦{”�ê$�.

½Â 3.2 XJ◦´Aþ��ê$�,K¡8ÜAéu�ê$�◦´4�.

§4 (ÜÆ

½Â 4.1 �◦´8ÜAþ��ê$�,XJé∀a, b, c ∈ A,

(a ◦ b) ◦ c = a ◦ (b ◦ c),

K¡◦÷v(ÜÆ.

~ 4.1 �A = R, B = R−{0}, C = R+(�¢ê8Ü),KAþ\{÷v(ÜÆ,
Aþ�~{Ø

÷v(ÜÆ; Bþ¦{÷v(ÜÆ,
Bþ�Ø{Ø÷v(ÜÆ,Cþ����ê$�(=a◦b =

ab)�Ø÷v(ÜÆ.

Ï�/`,XJAþ��ê$�÷v(ÜÆ,3$��,Ò�±Ø�Ä$��“gS”,Ò�±

3$�¥?¿\)Ò.��
ó,éAþ��ê$�◦5`(�U?1ü���m�$�,7L\

)ÒâU��ü�±þ���$�(J),±π(a1◦a2◦· · ·◦an)L«A¥�n���a1, a2, · · · , an±
,«�ª\)Ò¤���$�(J, Kùn����$�(Jπ(a1 ◦ a2 ◦ · · · ◦ an)�Udu$
��gSØÓ(=\)Ò��ªØÓ),
�ÑØÓ�(J,ù´·�¤Ø�¿w��(Ï�a1 ◦
a2 ◦ · · · ◦ anØ´��(½���,Ï
�Òvk¿Â
).

½Â 4.2 eéuA�n(n ≥ 2)���a1, a2, . . . , an,éa1 ◦ a2 ◦ · · · ◦ an?¿\)Ò�,¤��$

�(JÑ��, Òrù���(JP�a1 ◦ a2 ◦ · · · ◦ an.

½n 4.1 XJA��ê$�◦÷v(ÜÆ,KéuA�?¿n(n ≥ 2)���a1, a2, · · · , an,Î
Òa1 ◦ a2 ◦ · · · ◦ anÑk¿Â.

y ^8B{.5¿�

π(a1 ◦ a2 ◦ · · · ◦ an)
= π1(a1 ◦ · · · ◦ ai) ◦ π2(ai+1 ◦ · · · ◦ an)
= (a1 ◦ π11(a2 ◦ · · · ◦ ai)) ◦ π2(ai+1 ◦ · · · ◦ an)
= a1 ◦ (π11(a2 ◦ · · · ◦ ai) ◦ π2(ai+1 ◦ · · · ◦ an))
= a1 ◦ (a2 ◦ (· · · ◦ an) · · · )

=�. �
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1�Ù Ä�Vg 5

§5 ��Æ

½Â 5.1 XJ◦´A× A�D��ê$�,�é∀a, b ∈ A, a ◦ b = b ◦ a,Ò¡◦÷v��Æ.

�Æ¥�n�U{z$�,Ò´Ï�\{Ú¦{$�÷v(ÜÆÚ��Æ. R+þ���

$�±9Ý
¦{�$�Ñ´Ø÷v��Æ��ê$�.

½n 5.1 XJ8ÜAþ��ê$�◦Ó�÷v(ÜÆÚ��Æ,@o3a1 ◦a2 ◦ · · · ◦anp,��

gS�±?¿N�.

y ^8B{.b�i1i2 · · · in´1, 2, . . . , n�?¿��ü�,5¿�

ai1 ◦ ai2 ◦ · · · ◦ ain
= [(ai1 ◦ · · · ◦ aik−1

◦ a1)] ◦ (aik+1
◦ · · · ◦ ain)

= [(a1 ◦ (ai1 ◦ · · · ◦ aik−1
))] ◦ (aik+1

◦ · · · ◦ ain)

= a1 ◦ (a2 ◦ · · · ◦ an−1)

= a1 ◦ a2 ◦ · · · ◦ an

=�. �

§6 ©�Æ

½Â 6.1 ��´��B×A�A��ê$�,⊕´��Aþ��ê$�,XJé∀b ∈ B, ∀a1, a2 ∈
A,k

b� (a1 ⊕ a2) = (b� a1)⊕ (b� a2)

K¡�ê$��,⊕÷v1�©�Æ.

~ 6.1 �FV´�5�m,�´ê��þ�¦{,⊕´�þ�\{,K1�©�ÆÒC¤

k(α+ β) = (kα) + (kβ).

½n 6.1 �⊕÷v(ÜÆ,��,⊕÷v1�©�Æ,Ké∀b ∈ B, ∀a1, a2, . . . , an ∈ A,k

b� (a1 ⊕ · · · ⊕ an) = (b� a1)⊕ · · · ⊕ (b� an).

y ^8B{.5¿�

b� (a1 ⊕ · · · ⊕ an)

= b� [(a1 ⊕ · · · ⊕ an−1)⊕ an]

= [b� (a1 ⊕ · · · ⊕ an−1)]⊕ (b� an)

= [(b� a1)⊕ · · · ⊕ (b� an−1)]⊕ (b� an)

= (b� a1)⊕ · · · ⊕ (b� an)
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=�. �

aq/,�±½Â1�©�Æ

(a1 ⊕ a2)� b = (a1 � b)⊕ (a2 � b).

�Ón�y

½n 6.2 e⊕÷v(ÜÆ,��,⊕÷v1�©�Æ,Ké∀b ∈ B, ∀a1, a2, . . . , an ∈ A,k

(a1 ⊕ · · · ⊕ an)� b = (a1 � b)⊕ · · · ⊕ (an � b).

§7 ��N�!C�

½Â 7.1 �f : A→ B.

(1) eé∀b ∈ B, ∃a ∈ A,3 (= such that)f(a) = b (=B¥�z���Ñk_�),K¡f

�A�B�÷�;

(2) ea 6= b⇒ f(a) 6= f(b)(=A¥ØÓ����ØÓ), K¡f�A�B�ü�;

(3) efQ´ü�q´÷�,K¡f�A�B���N�.

w,,é?¿8ÜA,ð�N�IA : A→ A; a 7→ a´��N�.

½n 7.1 �A,B´ü���8Ü,�f : A→ B.

(1) f�ü���=��3N�g : B → A,3 gf = IA;

(2) f�÷���=��3N�h : B → A,3 fh = IB;

(3) f���N���=��3��N�f−1 : B → A,3 ff−1 = IB, f
−1f = IA,¿

¡f−1�f�_N�.

y (1) (⇒).?�½a0 ∈ A,½Â

g : B → A; b 7→

{
a, eb = f(a),

a0, Ù§

N´�y,g�N��∀a ∈ A, gf(a) = g(f(a)) = a = IA(a),¤±gf = IA.

(⇐).∀a1, a2 ∈ A, a1 6= a2,kg(f(a1)) = gf(a1) = IA(a1) = a1 6= a2 = IA(a2) = gf(a2) =

g(f(a2)),¤±f(a1) 6= f(a2),=f�ü�.

(2) (⇒).duf�÷��,∀b ∈ B, f−1(b) 6= ∅(=b�_�8��),�âÀJún,�3B�

z������8Üf−1(b)¥À�����a, ½Âh : B → A; b 7→ a,Kh�N��∀b ∈
B, fh(b) = f(h(b)) = b = IB(b),¤±fh = IB.

(⇐).∀b ∈ B, ∃h(b) ∈ A,3 f(h(b)) = IB(b) = b,¤±f�÷�.
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1�Ù Ä�Vg 7

(3) (⇒).df´��N���kg, h : B → A¦gf = IA, fh = IB.eyg = h :

¯¢þ,é∀b ∈ B,

g(b) = gIB(b) = g(fh)(b) = (gf)h(b) = IAh(b) = h(b),

¤±,g = h
def
= f−1, f−1÷v�¦.

(⇐).d(1)�(2)=�. �

½Â 7.2 ��A�A�N���A���C�.

��A�A�÷�!ü�½A�Am���N�©O��A���÷�C�!ü�C�½�

�C�.

~ 7.1 A = R,KA→ A;x 7→ ex´A�ü�C�.

~ 7.2 A = Z,K

A→ A;x 7→

{
x, x�Ûê,

x/2 x�óê

´A�÷�C�; 
A→ A;x 7→ x+ 1´A���C�.

N��±L�ü�8Ü�m���õ ,�ïÄäk�ê$��ü�8Ü�m�'X,�

I�ÆSe¡�Ó��Vg.

§8 Ó�

½Â 8.1 �◦, ∗©O´8ÜA,B��ê$�,f : A→ B.eé∀a, b ∈ A,k

f(a ◦ b) = f(a) ∗ f(b),

K¡f´A�B�Ó�N�.d	,ef�´÷�,K¡f�÷Ó�;ef�ü�,K¡f�üÓ�;ef�

��N�, K¡f�Ó�,¿P�A ∼= B.

~ 8.1 �A = Z, B = {1}, C = {−1}, A¥��ê$��Ï~�\{½¦{, B¥��ê$�

�Ï~�¦{,Kn 7→ 1�A�B�Ó�÷�, n 7→ −1Ø´A�C�Ó�N�.

~ 8.2 �A = Z, B = {1,−1}, A¥��ê$��Ï~�\{,B¥��ê$��Ï~�¦

{,K

A→ B; n 7→

{
1, n �óê,

−1 n�Ûê

´A�B�Ó�÷�.
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½Â 8.2 e�3(A, ◦)�(Ā, ◦̄)�÷��Ó�N�,K¡ù�N�´��Ó�÷�,¿¡éu�

ê$�◦�◦̄5`, A�ĀÓ�.

½n 8.1 b�éu�ê$�◦Ú∗5`,A�B�3÷Ó�f .

(1) e◦·Ü(ÜÆ,K∗�·Ü(ÜÆ;

(2) e◦·Ü��Æ,K∗�·Ü��Æ.

y (1) �±b�f(a), f(b), f(c)´B�?¿n���,u´

(f(a) ∗ f(b)) ∗ f(c)

= f(a ◦ b) ∗ f(c)

= f((a ◦ b) ◦ c)
= f(a ◦ (b ◦ c))
= f(a) ∗ f(b ◦ c)
= f(a) ∗ (f(b) ∗ f(c)).

(2) �±b�f(a), f(b)´B�?¿ü���,K

f(a) ∗ f(b) = f(a ◦ b) = f(b ◦ a) = f(b) ∗ f(a).

�

½n 8.2 b½�,⊕Ñ´8ÜA��ê$�,�̄, ⊕̄Ñ´8ÜB��ê$�,¿��3��A�B�

÷�f,¦�A�Béu�ê$��, �̄5`Ó�,éu�ê$�⊕, ⊕̄5`�´Ó�.

(1) e�,⊕÷v1�©�Æ,K�̄, ⊕̄�÷v1�©�Æ;

(2) e�,⊕÷v1�©�Æ,K�̄, ⊕̄�÷v1�©�Æ.

y �y(2).¯¢þ,d

(f(a)⊕̄f(b))�̄f(c)

= f(a⊕ b)�̄f(c)

= f((a⊕ b)� c)

= f((a� c)⊕ (b� c))

= f(a� c)⊕̄f(b� c)

= (f(a)�̄f(c))⊕̄(f(b)�̄f(c))

�y. �

��

P6. 1; P9. 1,2; P12. 2;
P14. 2; P19. 3; P23. 1
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§9 Ó�!gÓ�

·�®²��,Ó�´��N��Ó�.

~ 9.1 �A = Z+ = {1, 2, 3, . . .}, Ā = Z− = {−1,−2,−3, . . .},
$�◦, ◦̄Ñ´�ê¥Ï~�
\{“+”, y�ϕ : (A, ◦) → (Ā, ◦̄),Ù¥ϕ(n) = −n,Kϕ´Ó�N�.

¯¢þ

(1) ϕw,´N�;

(2) ϕ´ü�:�m,n ∈ A,m 6= n�,ϕ(m) 6= ϕ(n), ¤±ϕ´ü�;

(3) ϕ´÷�:∀n ∈ Āk−n ∈ A,¦ϕ(−n) = n, ¤±ϕ´÷�;

(4) ϕ´Ó�N�:∀m,n ∈ A

ϕ(m ◦ n) = ϕ(m+ n) = −(m+ n) = (−m) + (−n) = ϕ(m)◦̄ϕ(n),

d(1),(2),(3)�,ϕ´Ó�N�,=A ∼= Ā.

~ 9.2 �A = {1, 2, 3}, Ā = {4, 5, 6},Ù$�◦, ◦̄Xe

◦ 1 2 3

1 3 3 3

2 3 3 3

3 3 3 3

◦̄ 4 5 6

4 6 6 6

5 6 6 6

6 6 6 6

�ϕ : A→ Ā,Ù¥ϕ(1) = 4, ϕ(2) = 5, ϕ(3) = 6.Kϕ´A�Ā�Ó�N�.

��/,b�éu�ê$�◦�◦̄5`,A�ĀÓ�,K=�Ä�ê$�◦�◦̄5`,A�Āvk

�o«O(=ÎÒþ��O
®).{ü/`,3�ê¥,Ó��é�·�@�´�Ó�.AO/,

½Â 9.1 éu◦�◦5`,A�Am�Ó�N�¡���éu◦ 5`�gÓ�.

~ 9.3 ¦(Z,+)�gÓ�N�.

). �ϕ´Z�Ó�N�,��ϕ(1) = a,K∀n ∈ Z, ϕ(n) = nϕ(1) = na.

duϕ�V�,¤±∃m ∈ Z,3 1 = ϕ(m) = mϕ(1) = ma,u´a = 1½a = −1.

,��¡,N´�y:ϕ : Z → Z;n 7→ n ½ϕ : Z → Z;n 7→ −n´Z�Ó�N�. �

wujunanhuiwuhu@gmail.com



10 110! �d'X�8Ü�©a

§10 �d'X�8Ü�©a

½Â 10.1 �A�8Ü,¡R(⊂ A×A)�Aþ�����'X.XJ(a, b) ∈ R,K¡a�bäk'
XR,�P�aRb.XJRþ���'X÷v

(1) g�5:∀a ∈ A, aRa;
(2) é¡5:∀a, b ∈ A, aRb⇒ bRa;

(3) D45:∀a, b, c ∈ A, aRb�bRc⇒ aRc

K¡R�Aþ��d'X,d�raRb{P�a ∼R b½a ∼ b.

~ 10.1 Zþ�“�u”'X´�d'X,
≤, <�þØ´Zþ��d'X.

~ 10.2 Zþ�'u�n�Ó{'X´�d'X.

y. �n ∈ Z+,∀x, y ∈ Z½Â∼Xe:

x ∼ y ⇔ x ≡ y (mod n)(=n | x− y).

�y∼��d'X,�Iy:é∀x, y, z ∈ Zk
(1) x ∼ x,=x ≡ x (mod n);

(2) x ∼ y ⇒ y ∼ x=x ≡ y (mod n) ⇒ y ≡ x (mod n).

(3) x ∼ y, y ∼ z ⇒ x ∼ z=x ≡ y (mod n)�y ≡ z (mod n) ⇒ x ≡ z (mod n). �

~ 10.3 �R∗ = {{an} | {an}�knêÄ��},½ÂR∗þXe:{an} ∼ {bn}½Â�∀ε >

0,∃N > 0,�n > N�,|an − bn| < ε.Ù¥ε,Nþ�knê. N´�y∼�R∗þ��d'X.

½Â 10.2 �R´Aþ��d'X,é∀a ∈ A, a'uR��da[a]R(½[a], ā)½Â�{b ∈ A |
aRb}.

~ 10.4 eR�Zþ'u�n�Ó{'X,K[a] = {b ∈ Z | a ≡ b (mod n)} = {a+kn | k ∈ Z}.
��kn��da:[0], [1], . . . , [n− 1].

~ 10.5 ~10.3kÃêõ��da,z��da[an] �¡�¢ê.

�daäk�
­�5�:

½n 10.1 �∼�Aþ��d'X,K

(1) ∀a ∈ A, a ∈ [a];

(2) ∀a, b ∈ A, a ∼ b⇔ [a] = [b];

(3) ∀a, b ∈ A, a � b⇔ [a] ∩ [b] = ∅;
(4) ∀a, b ∈ A, [a] = [b]�[a] ∩ [b] = ∅TäÙ�;

(5) ∪{[a] | a ∈ A} = A.
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y (1) Ï�a ∈ A, a ∼ a,¤±a ∈ [a].

(2) �a, b ∈ A�a ∼ b, c ∈ [a],Kc ∼ a,u´c ∼ b, ¤±c ∈ [b]=[a] ⊂ [b];2db ∼ aÓ��

�[b] ⊂ [a]. ¤±[a] = [b].

(3) �a � b,�[a] ∩ [b] 6= ∅Kkc ∈ [a] ∩ [b], u´c ∼ a, c ∼ b,l
a ∼ b, gñ,¤

±[a] ∩ [b] = ∅.��,d(2),ea ∼ b,K[a] = [b],d�[a] ∩ [b] = ∅�gñ.

(4) d(2),(3)=�.

(5) da ∈ [a]=�. �

½Â 10.3 �A 6= ∅,eA��
f8Ai, i ∈ I÷v
(1) Ai 6= ∅;
(2) ∀i, j ∈ I, Ai 6= Aj ⇒ Ai ∩ Aj = ∅;
(3) ∪i∈IAi = A.

K¡Ai, i ∈ I�8ÜA���©a(½y©).

�d'X�8Ü�©akXe'X:

½n 10.2 (1) 8ÜA���©aû½Aþ����d'X;

(2) 8ÜAþ����d'Xû½A���©a.

y (1) �Ai, i ∈ I�8ÜA���©a,½Â∼�

a ∼ b⇔ ∃i ∈ I,3 a, b ∈ Ai.

K∼´Aþ����d'X.

(2) �∼�Aþ��d'X,KA'u�d'X(½�¤k��da[a], a ∈ A Ò´A��

�©a. �

½Â 10.4 b�8ÜAk��©a.��a¥�?¿�����ù�a����L,fÐdz

�a����L�¤�8Ü��A��N�Lì.

~ 10.6 ~10.2kn��da:[0], [1], [2], . . . , [n−1].ù�a���n��{a.Ï~^0, 1, . . . , n−
1��ùn�a��N�Lì.

� �

P.26 1,2,3 P.30 1,2,3
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öS�g�K

1. �½8ÜA9Ù$�Xe

∗ 1 2 3 4

1 2 3 1 2

2 3 4 2 1

3 1 2 3 4

4 1 2 4 4

(1) T$�´Ä��?

(2) T$�´Ä�3ü �?

(3) XJ�3ü �,=
��3A¥k_��?

2. �|A| = m, |B| = n,¦

(1) A�B�N���ê;

(2) A�B�ü���ê;

(3) A�B�÷���ê.

3. �ϕ´8ÜA�B�?¿��N�,S�S ′©O�A�B���f8.y²:

(1) ϕ−1(ϕ(S)) ⊇ S,��ϕ�ü���Ò¤á;

(2) ϕ(ϕ−1(S)) ⊆ S,��ϕ�÷���Ò¤á.

4. �f : A→ B, g : B → C.y²:

(1) ef, gþ�ü�,Kgf�ü�;

(2) egf�ü�,Kf�ü�;

(3) ef, g�÷�,Kgf�÷�;

(4) egf�÷�,Kg�÷�.

5. �f : A→ B.y²

(1) f�ü�⇔é?¿8ÜX�A�?¿N�g1, g2,efg1 = fg2,Kg1 = g2;

(2) f�÷�⇔é?¿8ÜB�Y�?¿N�h1, h2,eh1f = h2f,Kh1 = h2.

6. �f : A→ B�÷�,Kf�V�⇔ fk����_.
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7. �A�B´ê�Fþü�n��q�
,F [A]�XêáuF�'uA���õ�ª�¤�8

Ü.y²:∀f(x) ∈ F [x], ϕ : F [A] → F [B]; f(A) 7→ f(B)�V�.

8. ½ÂN × Nþ�'XXe:(a, b) ∼ (c, d) ⇔ a + d = b + c,y²:∼´�d'X,U¦ÑÙ�

N�Lìí?

9. y²:�d'X�n�^��±U�

(1) a ∼ a;

(2) XJa ∼ b, b ∼ c,Kb ∼ c.

10. �ϕ : A → B´÷�,½ÂAþ���'XXe:a ∼ b ⇔ ϕ(x) = ϕ(y),y²ù´���

d'X.�da�8ÜP�Ā, Ā¥���P�ā.½Âψ : A → Ā¦ψ(a) = ā,y²ψ�´÷

�,¿�µ : ā → ϕ(a)´Ā�B�V�.Ó�N��ªµψ = ϕ¤á,d�ª�^e¡���

ãL«

A
ϕ //

ψ
��

B

Ā.

µ

55kkkkkkkkkkkkkkkkkk

11. ½ÂZ¥�$�∗Xe:a ∗ b = a+ b− 1.y²:(Z, ∗)�(Z,+)Ó�.

12. �N = {0, 1, 2, , . . .}, N∗ = {1, 2, . . .}.(N,+) �(N∗,+) ØÓ�,(N, ·)�(N∗, ·)�ØÓ�.

13. (Z,+)�(Z, ·)ØÓ�.

14. (Q,+)�(Q, ·)ØÓ�.
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�U/�{§Û�Ô�n

—Bf

Æg�Æ3

—[{](k�

1�Ù +Ø

§1 +�Vg

½Â 1.1 (1�½Â) �G���8Ü,e�3��$�(¡�¦{)÷ve�^�:

(1) µ45: ∀a, b ∈ G, ab ∈ G;

(2) (ÜÆ: ∀a, b, c ∈ G, a(bc) = (ab)c;

(3) ∀a, b ∈ G,�§

ax = b, ya = b

Ñ3G¥k),

K¡G'uT�ê$�¤�+.

½Â 1.2 (1�½Â) �G���8Ü,e�3��$�(¡�¦{)÷ve�^�:

(1) µ45: ∀a, b ∈ G, ab ∈ G;

(2) (ÜÆ: ∀a, b, c ∈ G, a(bc) = (ab)c;

(3) ü �: ∃e ∈ G,3 ∀a ∈ G, ea = ae = a;

(4) _�: ∀a ∈ G, ∃a−1 ∈ G,3 aa−1 = a−1a = e,

K¡G'uT�ê$�¤�+.

½Â 1.3 (1n½Â) �G���8Ü,e�3��$�(¡�¦{)÷ve�^�:

(1) µ45: ∀a, b ∈ G, ab ∈ G;
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(2) (ÜÆ: ∀a, b, c ∈ G, a(bc) = (ab)c;

(3) �ü �: ∃e ∈ G,3 ∀a ∈ G, ea = a;

(4) �_�: ∀a ∈ G, ∃a−1 ∈ G,3 a−1a = e,

K¡G'uT�ê$�¤�+.

ùp�Ñ
+�n�½Â,¢Sþ,ùn�½Â´�d�.

1�½Â⇒1�½Â: dax = a, ya = a©O�)er, el.é∀b ∈ G, ∃c, d ∈ G 3 ac =

b, da = b,u´elb = (ela)c = ac = b, ber = d(aer) = da = b,¤±el = eler = er
def
= e,�∀b ∈

G, eb = be = e.2dax = e, ya = e©O�)ar, al,u´al = ale = al(aar) = (ala)ar = ear =

ar
def
= a−1.

1�½Â⇒1n½Â´gÄ�.

1n½Â⇒1�½Â: d^�,∀a ∈ G, ∃a−1 ∈ G 3 a−1a = e,��∃a′ ∈ G 3 a′a−1 = e,u

´aa−1 = e(aa−1) = (a′a−1)(aa−1) = a′((a−1a)a−1) = a′a−1 = e(=�_���m_�),¤

±a = ea = (aa−1)a = a(a−1a) = ae(=�ü ���mü �).�é∀a, b ∈ G,�§ax =

b, ya = b©Ok)a−1b, ba−1.

½Â 1.4 �G�+.

(1) G¥¦∀a ∈ G,þkea = ae = a���e��G�ü �;

(2) G¥¦∀a ∈ G, þkea = a���e��G��ü �;

(3) G¥¦∀a ∈ G, þkae = a���e��G�mü �;

(4) éa ∈ G,¦a′a = aa′ = e���a′��G�_�,P�a−1;

(5) éa ∈ G,¦a′a = e���a′��G��_�;

(6) éa ∈ G,¦aa′ = e���a′��G�m_�.

íØ 1.1 +G�ü �´���.

íØ 1.2 �G�+,a ∈ G.a�_�´���.

½Â 1.5 ���êk��+��k�+,k�+G����ê¡�ù�+��,{P�|G|.Ø
´k�+�+��Ã�+.

½Â 1.6 �G�+,XJé∀a, b ∈ Gþkab = ba,K¡G���+(½Abel+).
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5 1.1 (1) XJ��8ÜGþ���$�÷v+½Â¥�1�!�ü�^�, K¡G��+.

(2) ò1n½Â¥��U¤m,��+�q��d½Â.

(3) ò1n½Â¥����U�m,ØU�Ñ+�½Â.�

◦ e a

e e a

a e a

½

◦ e a

e e e

a a a

.

(4) du+¥�$�÷v(ÜÆ,Ïda1a2 · · · an´k¿Â�,Ï~P

n︷ ︸︸ ︷
aa · · · a(n���ê)�an.

(5) +¥��a�_�Ï~P�a−1.�é?¿�êm, nk

am · an = am+n, (am)n = amn.

(6) �+´\{+�,¡_��K�,Pa �K��−a;¡ü ��"�,P�0.d�, é?¿�

êm, nk

ma =

m︷ ︸︸ ︷
a + a + · · ·+ a,

0a
def
= 0,

ma + na = (m + n)a, na + nb = n(a + b),

m(na) = (mn)a,

(−n)a =

n︷ ︸︸ ︷
−a− a− · · · − a = −(

n︷ ︸︸ ︷
a + a + · · ·+ a) = −(na).

~ 1.1 �G = {g},¦{´gg = g.G'uù�¦{�¤��+.

~ 1.2 �G = Z, G'uÏ~�\{�¤+,�G'uÏ~�¦{�¤�+,Ø�¤+.

~ 1.3 �G = {0, 1, 2, 3, 4, 5, 6}, G¥�$��

i ◦ j =

{
i + j, ei + j ≤ 6

i + j − 6, ei + j > 6

K(G, ◦)�¤��+.ù�+�P�(Z7, +).

~ 1.4 (þ~����/) �Zn´�n��{a(=Zn = {[0], [1], . . . , [n− 1]}),½ÂZn¥�\

{“+”:[i] + [j] = [i + j],K(Zn, +) ¤���+.
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~ 1.5 �Z·
7 = {[1], [2], [3], [4], [5], [6]}, Z∗

7 ¥�$��

[i] · [j] = [ij],

K(Z∗
7, ·)�¤��+.

~ 1.6 �G = Z, G¥�$�½Â�a ◦ b = a + b− 2, (G, ◦)�¤+.

~ 1.7 �F�ê�,Mn(F )�ê�Fþ�¤kn�Ý
�8Ü,KMn(F )'uÝ
\{�¤+,Mn(F )'

uÝ
¦{Ø�¤+.

~ 1.8 �GLn(F )�ê�Fþ¤kn��_Ý
�8Ü,KGLn(F )'uÝ
�¦{�¤+.ù

�+�����5+.�n > 1�, ù�+Ø´��+.

~ 1.9 �SLn(F )�ê�Fþ¤k1�ª�u1�n�Ý
�8Ü,KGLn(F )'uÝ
�¦{

�¤+.ù�+��AÏ�5+. �n > 1�,ù�+�Ø´��+.

öS
�äe�=
�êNX´+,��o?

1 (Z, +); (Z, ·);

2 (Q, +); (Q, ·); (Q∗, ·);

3 (R, +); (R, ·); (R·, ·);

4 (C, +); (C, ·); (C·, ·);

5 (N, +); (N, ·); (N+, +); (N+, ·);

6 (Mn(F ), +); (Mn(F ), ·); (Mn(F )∗, ·);

7 (R, ◦),Ù¥$��x ◦ y = x + y + c, c�~ê;

8 (R∗, ◦),Ù¥$��x ◦ y = xy/2;

9 (R− {−1}, ◦),Ù¥$��x ◦ y = x + y + xy;

10 ({x | x ∈ R,−1 < x < 1}, ◦)Ù¥$��x ◦ y =
x + y

xy + 1
.
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§2 ü �!_�!��Æ

½Â 1.7 �G�+,a ∈ G.¦am = e�����êm¡�a��,P�|a| = m.XJù��mØ

�3, K¡a��´Ã��,P�|a| = +∞.

~ 1.10 +(Z∗
7, ·)¥,|[1]| = 1, |[2]| = |[4]| = 3, |[3]| = |[5]| = 6, |[6]| = 2.

~ 1.11 +(Z, +)¥,|0| = 1, |n| = +∞(n 6= 0).

5 1.2 \{+G¥,�a ∈ G, U
¦ma = 0�����êm��a��,eù��mØ�3,K

¡a��´Ã��,a��EP�|a|.

~ 1.12 �G = {ε0, ε1, ε2}´x3 = 1�n�E��8Ü,G�$�´Eê¦{,K(G, ·)�¤�
�+,�|ε0| = 1, |ε1| = |ε2| = 3.

5 1.3 g�K �G = {ε0, ε1, . . . , εn−1}´ngü ��8Ü,=εk = cos
2kπ

n
+ i sin

2kπ

n
, k =

0, 1, . . . , n− 1,KG'uEê¦{��¤+.��|εk| =?

½n 1.1 z�+Ñ·Ü��Æ:

(1) ���Æ ax = ax′ ⇒ x = x′;

(2) m��Æ ya = y′a ⇒ y = y′.

§3 k�+�,�½Â

½n 3.1 (½n�½Â) �G´��k�8,e(G, ◦)÷v(1)µ45,(2)(ÜÆ,(3)��Æ,@

o(G, ◦)�½´��+.

y �G = {a1, a2, . . . , an},5¿�é∀ai ∈ Gk

{aia1, aia2, . . . , aian} = G

=�. �

�!̄ K�öS

1 e|G| = +∞,=¦(G, ◦)U÷vµ45!(ÜÆÚ��Æ, |G|�Ø�U¤�+.éí?

2 �G´�k��+,KG�+⇔ G¥��Æ¤á.

3 �G´+.
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(1) ∀a ∈ G,e�3n ∈ Z+, ¦an = e,K|a| ≤ n;

(2) ∀a ∈ G, |a| = |a−1|;

(3) ∀a, b ∈ G, (ab)−1 = b−1a−1;

(4) ∀a1, a2, . . . , an ∈ G, (a1a2 · · · an)−1 = a−1
n · · · a−1

2 a−1
1 ;

(5) 3G¥�ä�Ø: (i) x2 = e ⇒ a = e; (ii) x2 = a2 ⇒ x = a; (iii) (ab)2 =

a2b2; (iv) x2 = x ⇒ x = e; (v) ak = e ⇒ |a| = k;

(6) 3G¥)'ux��§: (i) axb = c; (ii) x2b = xa−1c;

(iii) (xax)3 = bx�x2a = (xa)−1; (iv) ax2 = b�x3 = e; (v) x2 = a2 �x5 = e;

4 XJG´k�+,KG�z���Ñ´k���.(Ù_¤áí?��o?)

�!A�(Ø
�G�+.'uG�����kXe(Øµ

1 �a ∈ G,e∃m ∈ Z+,3 am = e,K|a| = n < +∞�n | m.

2 �a ∈ G�|a| = n.K∀m ∈ Z, am = e ⇔ n | m.

3 �a, b ∈ G�|a| = m, |b| = n, ab = ba,Pg = [m,n],K

(1) |ab| | g;

(2) e(m, n) = 1K|ab| = g = mn;

(3) e|ak| = m

(k,m)
;

(4) �3d ∈ G 3 |d| = g;

4 eG���+,�G¥�3������a, |a| = m,K∀b ∈ G, |b| | m.

§4 +�Ó�

�!+Ó�

�(G, ◦)�(Ḡ, ◦̄)´ü�+.XJ�3V�ϕ : G → Ḡ 3 ∀a, b ∈ G, ϕ(a ◦ b) = ϕ(a)◦̄ϕ(b),

K¡ϕ´Ó�N�, ¿¡G�ḠÓ�,P�G ∼= Ḡ.éuÓ��+,·�@�´�ê�Ó�,Ï�

§�Ø
ÎÒ�¶¡þ�«O�	, �övk¢���É.

5� 4.1 �ϕ : G → Ḡ´+�Ó�N�,Kϕ−1 : Ḡ → G �´+�Ó�N�.

wujunanhuiwuhu@gmail.com



20 14! +�Ó�

5� 4.2 �ϕ1 : G1 → G2, ϕ2 : G2 → G3þ�+�Ó�N�, Kϕ2ϕ1 : G1 → G3�´+�Ó

�N�.

�!+Ó�
�(G, ◦)�(Ḡ, ◦̄)´ü�+.XJ�3N�ϕ : G → Ḡ 3 ∀a, b ∈ G, ϕ(a ◦ b) = ϕ(a)◦̄ϕ(b),

K¡ϕ´+Ó�N�; XJϕ´÷�,K¡ϕ´+÷Ó�N�, ¿¡G�ḠÓ�, P�G ∼ Ḡ.

½n 4.1 �ϕ´(G, ◦)�(Ḡ, ◦̄)�Ó�÷�.e(G, ◦)´+, K(Ḡ, ◦̄)�´+.

5 4.1 �½n�_´Ø¤á�:-G = {��Ûê},Ù$��Ï~�¦{,Ḡ = {e} ´���
��+,ϕ : G → Ḡ; n 7→ e´÷Ó�,�GØ´+.

~ 4.1 �A = {a, b, c}, A�¦{�
· a b c

a a b c

b b c a

c c a b

y²:A�¤��+.

©Û:�KÏL$�L�NU)ûü �Ú_�¯K,�(ÜÆ�u���æ�. y²g´

´:�{é��+G,¦A´G�Ó��.

y. (Z, +)´��+,½ÂN��

ϕ : Z → A; n 7→


a,en ≡ 0 (mod 3);

b,en ≡ 1 (mod 3);

c,en ≡ 2 (mod 3).

Kϕ�÷�,�ϕ�Ó�:

(1) �m ≡ 0 (mod 3), n ≡ 0 (mod 3)�,ϕ(m + n) = a = aa = ϕ(m)ϕ(n);

(2) �m ≡ 0 (mod 3), n ≡ 1 (mod 3)�,ϕ(m + n) = b = ab = ϕ(m)ϕ(n);

(3) �m ≡ 0 (mod 3), n ≡ 2 (mod 3)�,ϕ(m + n) = c = ac = ϕ(m)ϕ(n);

(4) �m ≡ 1 (mod 3), n ≡ 1 (mod 3)�,ϕ(m + n) = c = bb = ϕ(m)ϕ(n);

(5) �m ≡ 1 (mod 3), n ≡ 2 (mod 3)�,ϕ(m + n) = a = bc = ϕ(m)ϕ(n);

(6) �m ≡ 2 (mod 3), n ≡ 2 (mod 3)�,ϕ(m + n) = b = cc = ϕ(m)ϕ(n).
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¤±,Z�AÓ�,d½n,A´+. �

½n 4.2 �ϕ : G → Ḡ´+Ó�÷�.K

(1) ee´G�ü �,Kϕ(e) = ē´Ḡ�ü �;

(2) ϕ(a−1) = ϕ(a)−1.

5 4.2 �ϕ : G → Ḡ´ü��êXÚ�Ó�N�(�7´÷�),þ¡ü�½nÒ�7¤á


.�·��±�Äϕ��8Ü
=

G= {ϕ(x) | ∀x ∈ G},Kϕ : G →
=

G´Ó�÷�,þ¡�½nq

�±^
.

½Â 4.1 �G´+.eϕ´G�Gg��Ó�,K¡ϕ�G���gÓ�;eϕ´G�Gg��Ó�,

K¡ϕ�G���gÓ�.

~ 4.2 �G = F [x]�õ�ª\{+,N�ϕ : G → G; (f(x)) 7→ f ′(x) ´G�gÓ�.

~ 4.3 �G�+,G�gÓ�8ÜÏ~P�End G,KEnd G'uN��EÜ�¤��N�+.

~ 4.4 �G�+,a�G�?���,Kϕa : G → G; x 7→ axa−1´G�gÓ�,ù�Ó�¡

�G�SgÓ�.

~ 4.5 �G�+,G�¤kgÓ�¤|¤�8ÜP�Aut G,KAut G'uN��EÜ�¤��

+;G�¤kSgÓ�¤|¤�8ÜP�Inn G,Inn G'uN��EÜ��¤��+.w,k

Inn G ⊂ Aut G ⊂ End G.

~ 4.6 �G�+,ϕ : G → G; x 7→ x−1,Kϕ´gÓ�⇔ G´Abel+.

��p. 35 1,2 p. 38 2,4 p. 44SK

§5 C�+

ïÄ�«�êNXÒ´�)ûù«�êNX�e¡n�¯K:

1 �3¯K;

2 êþ¯K

3 (�¯K.
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XJù
¯KÑ���÷�)�Ò���
8�. 'uêþ¯K,��´*dØÓ���ê

NX�êþ, Ï�Ó���êNXÄ�/w�±@�´�Ó��êNX.

p4½nw�·�,XJò¤kC�+ÑïÄ�Ù
, �Ò�ur¤k+ÑïÄ�Ù
.

�!8ÜA�C�ÚL«/ª
k£���½Â:

½Â 5.1 �A 6= ∅,eτ´A�AgC�N�,K¡τ´A���C�.

5 5.1 5¿ 3L«/ª�¡,�τ : A → B´N��,^“τ(a)”L«a��;�τ : A → A´C

��,¦^“aτ” L«a��.

XJτ1, τ2Ñ´A�C�,τ1τ2�´A�C�,�´τ1τ2(a) = τ1(τ2(a)), aτ1τ2 = (aτ1)τ2 .

~ 5.1 �A = {1, 2}.

τ1 : 1 −→ 1, 2 −→ 1 (i.e. 1τ1 = 1, 2τ1 = 1)

τ2 : 1 −→ 2, 2 −→ 2 (i.e. 1τ2 = 2, 2τ2 = 2)

τ3 : 1 −→ 1, 2 −→ 2 (i.e. 1τ3 = 1, 2τ3 = 2)

τ4 : 1 −→ 2, 2 −→ 1 (i.e. 1τ4 = 2, 2τ4 = 1)

´A�¤kC�.Ù¥τ3, τ4´��C�.

5 5.2 A�{ü¯¢ 3þ¡�~f¥,N´�y:τ1τ2 = τ2; τ2τ4 = τ1; τ3τi = τi =

τiτ3.d(aτ )λµ = {(aτ )λ}µ = (aτλ)µ��τ(λµ) = (τλ)µ.

5� 5.1 �A 6= ∅, ε´A�ð�N�,KéA�?�C�τ, ετ = τε = τ.

�!C�+�VgÚÄ�5�

�A 6= ∅, S�A�¤kC�|¤�8Ü,·�5�ÄS�=
��U�¤+�¯K.éuþ

¡�~f5`,du2τiτ1 = 1,¤±τ1Ø�3_��,Ï
SØ�¤+.

S�,
f8G'uþ¡�¦{�½U¤�+,5¿�+���Ñk_�, N´��G�

¤+���7�^�:

½n 5.1 b�G´8ÜA�eZ�C�¤¤�8Ü,¿�G�¹ð�N�ε.eGéuC�¦{

�¤��+,KG��¹A���C�.

½Â 5.2 8ÜA�eZ�V��¤�+��A���C�+.
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C�+��35XÛQ?e¡·��Ñ�éuA5`“��”�C�+.

½n 5.2 ��8ÜA�¤k��C��¤��C�+.

~ 5.2 �A = R2, G = {τθ | τθ´7�:_��=θ��^=}.KG�¤��C�+.�Gw,

Ø�¹A��Ü��C�.

5 5.3 C�+��7´��+,~XE�A = R2, G�A��Ü��C�|¤�C�+,τ1´A�

��²£C�,¦(0, 0)τ
1 = (1, 0), τ2´7�:_��=π/2�^=C�,Kτ1, τ2Ñ´A���C

�,�(0, 0)τ1τ2 = (0, 1) 6= (1, 0) = (0, 0)τ2τ1 ,=τ1τ2 6= τ2τ1.

½n 5.3 (p4(Cayley)½n) ?Û��+ÑÚ��C�+Ó�.

y 1 (y) �G = {a, b, c, . . .}´��+.∀x ∈ G,5½G���C�τx : G −→ G; g 7−→ gx =

gτx .Kτx ´G���C�.

PdG�¤k�¤���G���C�¤�¤�8Ü�Ḡ,=Ḡ = {τa, τb, τc, . . .}.K

φ : G −→ Ḡ; x 7−→ τx

´��N�.�é∀g ∈ G,

gτxy = g(xy) = (gx)y = (gx)τy = (gτx)τy = g(τxτy)

=τxy = τxτy,¤±´G
φ∼= Ḡ,
G´+,¤±Ḡ�´+.

+ØÄ��£�(

�!+�½Â.

1�½Â

1�½Â

1n½Â

k�+�½Â

�!+�5�.

�G´��+,KG

(1) G÷v(ÜÆ;

(2) G÷v��Æ¶
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(3) G¥kü �e,�e´���;

(4) ∀a ∈ G, a3G¥7k_�a−1,�a−1´���.

+G�Uu)�G¹:

(1) G¥���´k��,d�¡G´k�+.

(2) G¥����ê´Ã��,d�¡G´Ã�+.

(3) XJ∀a, b ∈ G,Ñkab = ba,K¡G´��+.

n!+��Ú+����,±9ù����éX

(1) +G��=+G¥¤¹����ê.

(2) �a ∈ G.Ka��=¦“ak = e”¤á���g,ê.P�|a|. XJ÷v“ak = e0�g,êØ

�3,K¡a��´Ã��.

(3) |G| < ∞⇒ |a| < ∞,∀a ∈ G, =:k�+���Ñ´k���.

¯K:Ã�+�����´N��?

¯¢þ,z�+Ñkk�����.�Xü �.

Ã�+G¥Øe	,�N�kÙ¦k����,X(R∗, ·)Ø
ü �1	,-1�´k���.

Ã�+G¥Øe	,Ù¦���UÑ´Ã���.X(Z, +)Ø
ü �0	,Ù¦��´Ã�

��.

Ã�+G¥�Uz���Ñ´k���,XG = {x|∃n ∈ Z 3 xn = 1}'uEê¦{¤�
¤�+.

(4) |a| = 2 ⇔ a = a−1.

(5) e∀a ∈ G,Ñka2 = e,KG7´��+.

o©+����5�

(1) �|G| = n < ∞, A = {a ∈ G | |a| = e}, B = {b ∈ G | |b| ≥ 3},K|B|´óê,�n�Û

ó�|A|�Ûó��. ,

(2)���a��n�k'¯K:

• n´g,ê,�´¦�ª“an = e”¤á���ö.

• XJkg,ê(�ê)m¦am = e,Kn|m���¤á.

• ��e = a0, a = a1, a2, . . . , an−1´n�üüØ���.
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• XJar = ak,Kn | r − k.

• a = e ⇔ n = 1.

• |a| = |a−1|.

• an−r = a−r.

• |ab| = |ba|.

• |abc| = |cab| = |bca|(�í2�k����¦��/).

• ∀m ∈ Z,∃r(0 ≤ m ≤ n) 3 am = ar.

• XJn´Ûê,K|a2| = n(�í2�e(m,n) = 1,K|am| = n)

(3) ��a��´∞�A�(Ø

• ∀m(6= 0) ∈ Z, am 6= e.

• am = an ⇒ m = n.

• . . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.

Ê!A�­��+

• �ê\+(Z, +).

• êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.

• �n�{a\+(Zn, +).

öS:�G´��N�+(kü ���+),KG¥¤kk_����¤�8Ü7´+.

8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?

¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?

Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.

��p. 50 2,4,5
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§6 ��+

��+´y8¤ïÄ���Ä�+�5
,´Ä��êM©<E.Galais(1811-1832)3y

²gê�uo����ê�§Ø�U^�Ò¦)�Ú?�. ��+´�«AÏ�C�+.½

ö`,��+Ò´k�8þ�C�+. du´½Â3k�8þ,�z����Ly/ª,�kA

:Ñ´�@ÿ�.

dCayley½n�±��:Xr¤k��+ïÄ�Ù
,Ò�ur¤kk�+ÑïÄ�Ù


,�¢Sþ,ïÄ��+¿Ø'ïÄÄ�+N´.¤±,��ïÄÄ�+^��´����{,¿

��ØU�efr¤k+ÑéÑ5.Ï�¯K�E,
,<���{´ò+©¤eZa(=N

\�½^�),'Xk�+!Ã�+;C�+!�C�+��.éz�+a?1ïÄ±�{£�

þãn�¯K.�J,<�Uá��+�8�k�êAa(�¡�Ì�+Ò´��)û
��

a+)�õê�3��<��)û.

½Â 6.1 ��k�8ÜA�g������C�(V�)��A�����.

k�8ÜA�eZ����¤�+����+.

¹kn����k�+��N���¤�+,��ngé¡+.ù�+Ï~P�Sn.

dun�����kn!�, ¤±k

½n 6.1

|Sn| = n!.

�A = {a1, a2, a3}, π´A�����:aπ
1 = a2, a

π
2 = a3, a

π
3 = a1.du·��'%��¥�

��m�'X,
Ø3����äN/ª. ��ÀA = {1, 2, 3},
π�:1 7→ 2, 2 7→ 3, 3 7→ 1.=

π :

1 2 3

↓ ↓ ↓
2 3 1

½ π =

(
1 2 3

2 3 1

)

w,,^π =

(
1 2 3

2 3 1

)
5£ãA�����´�B�.�,,þ¡�����±��(

2 3 1

3 1 2

)
,

(
3 1 2

1 2 3

)
, . . . .�S.þÑò1�1Ug,S�ü�, ùÒ�±4·�Ú�

3�«L«����{S?1ó�
.

3gé¡+k6���,π =

(
1 2 3

1 3 2

)
, τ =

(
1 2 3

2 1 3

)
∈ S3,©OO�iπτ , iτπ��

πτ =

(
1 2 3

1 3 2

)(
1 2 3

2 1 3

)
=

(
1 2 3

2 3 1

)

τπ =

(
1 2 3

2 1 3

)(
1 2 3

1 3 2

)
=

(
1 2 3

3 1 2

)
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¤±,πτ 6= τπ.Ïd,S3Ø´��+.±�·�ò��,ù´���ê������+.

5 6.1 ��¦È¥,´l��m¦C��,ù´�L��S.�{ØÓ�.

c¡®²Ú\
���P{,e¡20��«P{.�k8���π =(
1 2 3 4 5 6 7 8

4 3 6 2 5 1 7 8

)
, π¦1 → 4 → 2 → 3 → 6 → 1,
Ù§���±ØC.eòØ

u)UC�©iÑíK,@oþã����¤Ì����/ª:π = (14236).��/,

½Â 6.2 Sn���rA¥i1C�i2, i2C�i3, , . . . , ikC�i1,
¦A¥Ù{��ØC���,�

���k-Ì���.ù����^ÎÒ

(i1i2 · · · ik), (i2i3 · · · iki1), · · · , (iki1 · · · ik−1)

5L«.

XJSn�ü�Ì���π, τvk�Ó�©i,K¡ùü�Ì���´Ø�ë�

5 6.2 (1) Ì���´���,�«L�/ª,§±u)Cz�©i�CzgS�S, L�

¤Ó��/ª.�,L�/ª{$,�¤¹����k©i�ê8�U�NØÑ5. ù�

¦¯k�±`².~X.“8���π = (14236).”

(2) z�Ì��L��{��Ø��,X(i1i2 · · · ik) = (i2i3 · · · iki1) = · · · = (iki1 · · · ik−1).

(3) S8�ü (ð���)π0 = (1) = (2) = · · · = (8),S.�¤π0 = (1).

½n 6.2 (Ì���©)½n) z��n���πÑ�±�¤eZ�Ø�ë�Ì����¦

È.

y éπCÄ����ê?18B.XJπ¦?Û��ÑØCÄ,Kπ = (1),(Ø¤á.

b�éu�õCÄr− 1(r ≤ n)���π½n´é�,KéCÄr ���π,?����πC

Ä��i1,li1Ñuéi1��i2, i2��i3, · · · ,��é���ik��,ik��Ø2´��#��,


´·�®²������:iπk = ij, j ≤ k.Ï�ij(2 ≤ j ≤ k)´ij−1��, ¤±iπk = i1,=

i1 → i2 → · · · → ik → i1.

Ï�π�¦r��CÄ,k ≤ r.XJk = r,Kπ��Ò´��k-Ì���,(Ø¤á.b�k < r,K

π =

(
i1 i2 · · · ik ik+1 · · · ir ir+1 · · · in

i2 i3 · · · i1 i′k+1 · · · i′r ir+1 · · · in

)

=

(
i1 i2 · · · ik ik+1 · · · ir ir+1 · · · in

i2 i3 · · · i1 ik+1 · · · ir ir+1 · · · in

)
(

i1 i2 · · · ik ik+1 · · · ir ir+1 · · · in

i1 i2 · · · ik i′k+1 · · · i′r ir+1 · · · in

)
= (i1i2 · · · ik)π1
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�π1�¦r−k < r��CÄ,d8Bb�,�±�¤Ø�ë�Ì����¦È: π1 = η1η2 · · · ηm.

�I�`²:π1¥�¤kÌ���η1, . . . , ηm¥Ø�U2Ñyi1, . . . , ik.ÄK,e

ηt = (· · · ipiq · · · ), p ≤ k,duη1, . . . , ηmØ�ë,¤±ip�3ηt¥Ñy,u´iπ1
p = iq,ù�π1¦ipØ

Ä�gñ.¤±

π = (i1i2 · · · ik)η1 · · · ηm

´Ø�ë�Ì����¦È. �

r���¤Ø�ë�Ì����¦È´L«���q��{.

dCaylay½ná�

½n 6.3 z��k�+Ñ�����+Ó�.

½Â 6.3 z�2-Ì�������é�.

5� 6.1 k-Ì���(i1i2 · · · ik)��´k.

5� 6.2 Ì���π = (i1i2 · · · ik)�_��´π−1 = (ikik−1 · · · i1).

5� 6.3 ü�Ø�ë�Ì����±��.

5� 6.4
(i1i2 · · · ik) = (i1i2)(i1i3) · · · (i1ik)

= (i1ik)(i2ik) · · · (ik−1ik).

u´k

5� 6.5 z�n���ÑUL«¤eZ�é��¦È.

5� 6.6 �j 6∈ {i1, i2, . . . , ik},K(i1i2 · · · ik) = (ji1i2 · · · ik)(ji1).

5� 6.7 ?¿����L¤é��È�,L«ª¥é��ê�Ûó5ØC.

½Â 6.4 ����π��ó(Û)�� ⇔ π�±L¤ó(Û)ê�é��È.

5� 6.8 ��k-Ì���π´ó(Û)��⇔ k�Û(ó)ê.

½Â 6.5 ngé¡+Sn¥�Üó��|¤�8ÜAn�¤��+,��ng��+. ¿�k|An| =
1

2
|Sn| =

n!

2
.

��P. 55 1,3,4
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§7 Ì�+

~ 7.1 �ê\+(Z,+)¥z���Ñ´1��ê.

~ 7.2 �n��{a\+(Zn,+)¥z���Ñ´1([1])��ê.

5 7.1 ±þü�~fÑ`²+¥k��AÏ���,¦�Ù{��Ñ´ù�����ê(Ï

�´\+,¤±^�ê,XJ´¦{+,K´��.±e^¦{+�~).��/,

½Â 7.1 �G´��(¦{)+,XJG¥k����a,¦G¥z���Ñ´a�¦�, =G =

{am|m ∈ Z},K¡G�Ì�+; �¡G´da¤)¤�,P�G = (a).a��G���)¤�.

�G´��+,a´G�)¤�.Kk

Ún 7.1

|G| = |a|.

¯¢þ,

(1) e|a| = ∞,KG = (· · · , a−2, a−1, e, a, a2, · · · ).

(2) e|a| = n < ∞,KG = (e, a, a2, · · · , an−1).

¤±k

Ún 7.2 �G = (a),K:(1) G´Ã�Ì�+⇔ |a| = ∞; (2) G´n�Ì�+⇔ |a| = n.

�	

G = (· · · , a−2, a−1, e, a1, a2, · · · )
l l l l l

Z = (· · · , −2, −1, 0, 1, 2, · · · )

�

G = (e, a, a2, · · · , an−1)

l l l l l
Zn = (0, 1, 2, · · · , n− 1)

·�k

½n 7.1 (Ì�+�(�½n) �G´da)¤�Ì�+,

(1) XJ|a| = ∞,KG ∼= Z.

(2) XJ|a| = n < ∞,KG ∼= Zn.
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þ¡�½n`²,3Ó��¿Âe,Ì�+�kü�:Z, Zn.·��±rÌ�+ïÄ��ß

��
.

éw,,Zk�=kü�)¤�,
Zn�)¤�Ò�E,�
.·�2£�G = (a), |G| =

|a| = nþ5,eb ∈ G 3 G = (b),K�I|b| = n Ò�±
,¤±

b = ak´G�)¤�⇔ (k, n) = 1.

~X,n = 6�,G = (e, a, a1, a2, a3, a4, a5), a, a5Ñ´G�)¤�, 
e, a2, a3, a4Ø´G�)¤�.

½Â 7.2 �n���ê,¡ϕ(n)(=Ø�Ln��np����ê��ê)�î.¼ê.

íØ 7.1 Znkϕ(n)�)¤�.

§8 f+

½Â 8.1 �G´��+,H(6= ∅) ⊆ G,XJHéuG�$�5`��¤+,K¡H´G���f

+.P�H ≤ G.

~ 8.1 �G�+,KG ≤ G, (e) ≤ G.ùü�+¡�G�²�f+.

~ 8.2 �G = S3,KH = ((1), (12))´G����²�f+.

~ 8.3 SLn(R) ≤ GLn(R).

½n 8.1 (f+��½½n1) �G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔

{
(1) a, b ∈ H ⇒ ab ∈ H;

(2) a ∈ H ⇒ a−1 ∈ H.

íØ 8.1 �H ≤ G,KH�ü �Ò´G�ü �,H¥�a3H¥�_�Ò´a3G¥�_�.

�½½n1¥�ü�^��±{z���^�:

½n 8.2 (f+��½½n2) �G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔ “a, b ∈ H ⇒ ab−1 ∈ H”.

½n 8.3 (k�f+��½½n) �G�+,H(6= ∅) ⊆ G,�H´k�8.K

H ≤ G ⇔ “a, b ∈ H ⇒ ab ∈ H.

~ 8.4 ?�+Ø�U´ü�ýf+�¿.
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~ 8.5 �K4 = ((1), (12)(34), (13)(24), (14)(23)),KK4 ≤ S4.�H1 = ((1), (12)(34)), H2 =

((1), (13)(24)), H3 = ((1), (14)(23))Ñ´K4�ýf+, ���y�K4 = H1 ∪H2 ∪H3.

~ 8.6 �G = S3, H1 = ((1), (12)), H2 = ((1), (13)), H3 = ((1), (23)), H4 = ((1), (123), (132)),

KHiÑ´G�ýf+,�S3 = H1 ∪H2 ∪H3 ∪H4.

éu+G���f8S,�7kS ≤ G.�

K = {ar1
1 ar2

2 · · · arm
m | ai ∈ S, ri = ±1, m ∈ N, 1 ≤ i ≤ m} ≤ G.

¿�K´G�¹S����f+,¡K�dS)¤�f+,P�K = (S),¡S�K�)¤8.�

S = {a1, . . . , an}�k�8Ü�,¡K = (a1, . . . , an)�k�)¤�, �S = {a}�k���
��,¡K = (a)�Ì�+(ù�´·�c¡¤?Ø�). XJS ≤ G,KS = (S).

�H ≤ G, K ≤ G,PHK = {hk|h ∈ H, k ∈ K}, HK�7�G�f+.~XH = ((1), (12))

≤ S3, K = ((1), (13)) ≤ S3,KHK = {(1), (12), (13), (123)}, �(13)(12) 6∈ HK,=HK � G.Û

�kHK ≤ GQ?

½n 8.4 �H ≤ G, K ≤ G,KHK ≤ G ⇔ HK = KH.

§9 f+��8

~ 9.1 (Z4, +)¢Sþ�Ñ
Z���©a:[0],[1],[2],[3]. 3ù�©a¥,�k[0]�¤(Z, +)�

��f+,
Ù{©aþØ�¤(Z, +)�f+.¿�Z4¥�z�a[i]Ñ´a[0]¥�z���Ê

H\þi ���,½ö`,a[i]¥?¿ü�����´[0]¥���.

~ 9.2 �½S3���©aΩ = {H, K, M},Ù¥H = {(1), (12)}, K = {(13), (123)}, M =

{(23), (132)}.�kH ≤ G,
K, MþØ�¤G�f+,�K¥���T´dH¥���m¦(13)¤

���a,MK¥���T´dH¥���m¦(23)¤���a,½ö`,∀a, b ∈ K(M) ⇒
ab−1 ∈ H.

��/,�H ≤ G,5½G¥���'X∼Xe:a, b ∈ G, a ∼ b ⇔ ab−1 ∈ H.K∼´G��

��d'X.

½Â 9.1 dþ¡��d'X(½�a��H�m�8,�¹��a�m�8P�Ha.

aq/,�H ≤ G, a, b ∈ G.d�d'Xa ∼ b ⇔ a−1b ∈ G(½�a����8,�¹�

�a���8P�aH.

5 9.1 �H, K�ü�8Ü,Ï~PHK = {ab|a ∈ K, b ∈ K}.AO/, H{b}({a}K)P�Hb(aK).

e+G�ü���f8H = K,K∀a ∈ G, Ha = Ka.

Ha = Hb´8Ü��,�7kha = hb, h ∈ H.
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½n 9.1 �H ≤ K, a, b ∈ G.Ke�Qã�d:

(1) a ∈ Hb;

(2) Ha = Hb;

(3) ab−1 ∈ H;

(4) b ∈ Ha;

(5) ba−1 ∈ H.

½n 9.2 ��+H�m�8��êÚ��8��ê��.

½Â 9.2 ��+G���f+H�m(�)�8��ê��H3Gp��ê,P�[G : H].

Ún 9.1 ��f+H�H�z��m�8Ha�mÑ�3��N�.

½n 9.3 (Lagrange½n) �H ≤ G,K|G| = [G : H]|H|.

íØ 9.1 �G�k�+,a ∈ G.K|a| | |G|.

��p. 61 2,3,5 p. 64 1,2,4,5 p. 70 1,2,5

§10 ØCf+!û+

�H ≤ G,dHû½�¤k�m�8�¤�8ÜSl = {aH|a ∈ G}. ·�5wSl�¤+�

^�.

Sl¥�$�AT�G¥�$�k,«éX¿�Sl¥�$�ATµ4, =é∀a, b ∈ G, ∃c ∈
G 3 (aH)(bH) = cH ∈ Sl,u´ab = (ae)(be) ∈ cH,l
aHbH = abH. AO/(�a =

e), HbH = bH.u´kb = h1bh2,�Hb ⊆ HbH = bH;2db �?¿5,kHb−1 ⊆ b−1H,¤

±,bH ⊆ Hb.

¯¢þ,·�y²


5� 10.1 �H ≤ G,Ké∀aH, bH ∈ Sl = {aH|a ∈ G}, aHbH ∈ Sl ⇔ ∀a ∈ G, aH = Ha.

3y²Sl'uXþ½Â�$��¤��+�c,·�k5w“aH = Ha”�A�5�.

÷v^�“aH = Ha,∀a ∈ G”�f+Häk4Ù­��¿Â.

½Â 10.1 �H ≤ G,XJé∀a ∈ GÑkaH = Ha,K¡H�G�ØCf+(½�5f+), P

�H C G.XJH C G,KG��(m)�8Ú�¡�G��8.
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~ 10.1 G C G, {e}C G.

~ 10.2 XJG���+,KG�z��f+Ñ´G�ØCf+.

~ 10.3 �G�+,¡C(G) = {a ∈ G|∀x ∈ G, ax = xa}�G�¥%,·�kC(G) ≤ G�C(G)C

G.

~ 10.4 �H = {(1), (123), (132)} ≤ S3,KH C S3.

�K�±���y,��±|^Lagrange½n5y².

ydu|S3| = 6, |H| = 3,¤±H�kü��(m�8),¿�Ù¥k���H.�k(12)H =

(13)H = (23)H = H(12) = H(13) = h(23), (123)H = (132)H = (1)H = H(1) = H(123) =

H(132). �

��/,·�k

~ 10.5 XJH ≤ G�[G : H] = 2,KH C G.

y ∀x ∈ G,ex ∈ H,KHx = H = xH;ex /∈ H,KHx ∩ H = ∅, xH ∩ H = ∅,�d�
kG = H ∪Hx = H ∪ xH, u´Hx = xH.o�kHx = xH,=H C G. �

5 10.1 aH = Ha�´8Ü��,ýØ¿�X��¦È�±��.

½n 10.1 �H ≤ G.e�Qã�d:

(1) aH = Ha,∀a ∈ G;

(2) aHa−1 = H, ∀a ∈ G;

(3) aHa−1 ⊆ H,∀a ∈ G;

(4) aha−1 ∈ H,∀a ∈ G, ∀h ∈ H.

~ 10.6 �H ≤ G,¡N(H) = {x ∈ G|xH = Hx}�H3G¥��5zf.KH C N(H) ≤ G.

dd�±wÑ,N(H)´òH��ØCf+�G����f+.AO/,eHCG,KN(H) =

G.

~ 10.7 �H ≤ G, N ≤ G.K

(1) H C G ⇒ H ∩N C N ;

(2) H C G and N C G ⇒ H ∩N C G;
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(3) H C G ⇒ HN ≤ G and H C HN ;

(4) H C G and N C G ⇒ HN C G;

(5) H C G and N C G and H ∩N = {e} ⇒ ∀h ∈ H, n ∈ N, hn = nh.

~ 10.8 �G = S4, H = {(1), (12)(34), (13)(24), (14)(23)}, N = {(1), (1234)},KH C G, N C

H,�N 6 G.ù`²�5f+vkD45.

Ún 10.1 �H C G,KSl¥�$�(aH)(bH) = (ab)H´���ê$�,=eaH = a′H, bH =

b′H,K(ab)H = (a′b′)H.

½n 10.2 �H C G,KSl'u$�(aH)(bH) = (ab)H�¤��+.

½Â 10.2 ��+G���ØCf+H��8¤�¤�+��G'uH�û+,P�G/H.

du| G/H |�uH3G¥��ê,�âLagrange½n��

íØ 10.1 �H C G,K
|G|
|H|

=| G/H | .

§11 Ó��ØCf+

½Â 11.1 �ϕ : G //Ḡ´+Ó�N�,¡kerϕ = {x ∈ G | ϕ(x) = ē}�ϕ�Ø.

5� 11.1 �ϕ : G //Ḡ´+Ó�,Kkerϕ C G.

5� 11.2 �ϕ : G //Ḡ´+Ó�,Kϕ�üÓ�⇔ kerϕ = {e}.

½n 11.1 �N C G,Kk+÷Ó�ϕ : G //G/N ; x � //xN.

5 11.1 1. ½n¥�Ó�Ï~¡�g,Ó�;

2. g,Ó��Ó�Ø�N ;

3. +G�z�û+Ñ´G�Ó��,?
�dû+�5���G��
5�;

4. de¡�½n��±wÑ,G�z�Ó����U´G�û+(3Ó��¿Âe),ùü�½

nÜ¡�1�Ó�½n.

½n 11.2 �G�Ḡ´Ó��+:G
ϕ∼ Ḡ�kerϕ = N,KG/N ∼= Ḡ.

y dN C G�û+G/N.½Âφ : G/N //Ḡ; gN � //ϕ(g),Kd½Â=�G/N ∼= Ḡ. �
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~ 11.1

GLn(R)/SLn(R) ∼= R∗.

5� 11.3 �ϕ : A //B´+Ó�N�,K�3���+üÓ�ϕ̄ : A/kerϕ //B¦eã�

�:

A
ϕ //

η

��

B

A/kerϕ,
∃1ϕ̄

66nnnnnnn

�ϕ̄÷⇔ ϕ÷.

y 5¿�ϕ´+Ó�,N = ker ϕ C A,kg,Ó�η : A //A/N,�ϕ̄ : A/N //B;

gN � //ϕ(g)÷v^�. �

Ï~¡ϕ̄�ϕ��ÑÓ�.

½Â 11.2 �φ : A //B.¡φ(S) = {y ∈ B | ∃x ∈ S 3 φ(x) = y}�A�f8S3φe��;

¡φ−1(T ) = {x ∈ A | ∃y ∈ T 3 φ(x) = y}�B�f8T 3φe���.

½n 11.3 �φ : A //B.´+Ó�÷�,K

(1) H ≤ A ⇒ φ(H) ≤ B;

(2) H C A ⇒ φ(H) C B;

(3) H ≤ B ⇒ φ−1(H) ≤ A�kerφ ≤ φ−1(H);

(4) H C B ⇒ φ−1(H) C A�kerφ ≤ φ−1(H).

1�Ó�½n´`,eA
ϕ∼ B,KA/kerϕ ∼= B,Ù¥ker ϕ = ϕ−1(eB)(= ϕ−1({eB})).·�y

35í2ù�½n,ò{eB}�¤B�ØCf+.

½n 11.4 (+�1�Ó�½n) �A
ϕ∼ B, H C B,KA/N ∼= B/H,Ù¥N = ϕ−1(H).

y dH C B�N C A,u´A/N, B/HÑk¿Â.u´k��ã

A
ϕ //

ηA

��

B
ηB // B/H

A/N

∃1ϕ̄

66mmmmmmm

5¿�N = ker(ηBϕ),dÓ�Ä�½n=�(Ø. �

��p.74 1,2,4 p.79 2,3
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öS�g�K

1. �G´��k�+,AÚB´G�ü���f8.y²:XJ|A| + |B| > G, KG = AB.AO

/,e|A| > |G|/2,KG = A2.

2. y²:e+G¥k���2���,Kù�2���7´G���¥%�.

3. �G´��+,�|G| > 1.

(1) y²:eG¥Øü �	Ù{����Ñ�Ó,Kù��Ó��Ø´Ã�Ò´�ê.

(2) `²ù��ü«+´�3�.

4. �a, b´+G¥���,�|a| = s, |b| = t, ab = ba.y²:

(1) |ab||[s, t];

(2) é[s, t]�?��Ïêh,G¥k�´h���.

5. �a´+G¥�����,�|a| = mn, (m, n) = 1.y²:∃1b, c ∈ G 3 a = bc, bc = cb, |b| =

m, |c| = n.

6. y²:��+¥¤kk�����¤��+.

7. ¦S3�¤kf+.

8. �H´+G�����f8,�H2 = H.

(1) H´Ä�G���f+?

(2) �Hk��,H ≤ G.

9. �H ≤ G, a ∈ G.y²:aHa−1 ≤ G,�H ∼= aHa−1.

10. �H, K ≤ G.y²:

(1) H ∩K ≤ G;

(2) H ∪K ≤ G ⇒ H ∪K = HK;

(3) H ∪K ≤ G ⇔ H ⊆ K or K ⊆ H.

11. �G´��2n���+.y²:XJn´��Ûê,KGk�=k��2�f+.

12. �H, K ≤ G,�|H| = m, |K| = n.y²:e(m, n) = 1,KH ∩K = {e}. ��,eH ∩K =

{e},´Ä�½k(m, n) = 1?
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13. �G´��2p(p��ê)�k����+.y²:

(1) G�½k��p�f+;

(2) G�����¤e, a, . . . , ap−1, b, ab, . . . , ap−1b�/ª.

14. �G�+,H ≤ K ≤ G.y²;(G : H) = (G : K)(K : H).

15. �N C G,�(G : N) = m,K∀a ∈ G, am ∈ N.

16. y²:o�ê+G = {±1,±i,±j,±k} (Ù¥i2 = j2 = k2 = −1, ij = k = −ji, jk = i =

−kj, ki = j = −ik) ´���+�z�f+Ñ´�5f+.T+�¡�Hamilton +.

17. y²:

(1) Ã�Ì�+�gÓ��kü�;

(2) n�Ì�+�gÓ�kϕ(n)�,=�un��np����ê�ê.

18. y²:3Ó��¿Âe,4�+�kü�,��´Ì�+,,��´Klaino�+K4 =

{(1), (12)(34), (13)(24), (14)(23)}.

19. ¦S5¥��2���.
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��
�Ô£

—Bf

1nÙ ���

§1 \+!��½Â

�!Ì��)±eSN:

1 ��Vg;

2 ü�­���;

3 ��{ü5�.

�!��½Â�~f

½Â 1.1 �(R, +, ·)´äkü��ê$���êNX,XJù��êNX÷v:

(1) (R, +)´��\{��+;

(2) (R, ·)´���+;

(3) R�¦{“·”é\{“+”÷v�m©�Æ,=é∀a, b, c ∈ Rk

a(b + c) = ab + ac � (b + c)a = ba + ca

K¡(R, +, ·)´���,{P�R.

~ 1.1 (Z, +, ·)´���,S.þ¡���ê�,P�Z.

Ó�kknê�Q,¢ê�R,Eê�C.ùA��Ñdê|¤,¡�ê�.

~ 1.2 óê82Z = {· · · ,−4,−2, 0, 2, 4, · · · }éuÏ~�\{Ú¦{´���.

~ 1.3 �Z[i] = {a + bi | ∀a, b ∈ Z},KZ[i]UEê�Ï~�\{Ú¦{�¤���,ù���

�pd�ê�.
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~ 1.4 �F´��ê�,dFþ��õ�ª|¤�8ÜF [x] = {anx
n + an−1x

n−1 + · · ·+ a1x+

a0 | ai ∈ F, n ∈ N}'uõ�ªÏ~�\{�¦{�¤���,ù��(F [x], +.·)¡�'ux�

��õ�ª�,½��õ�ª�.

[5] ò�~¥�ê�F�¤?��ê�,�U�¤õ�ª�,XZ[x] ���Xêõ�ª

�.

~ 1.5 ê�Fþ��Ün��
|¤�8ÜMn(F ) = {A = (aij) | aij ∈ F, 1 ≤ i, j ≤ n}'u
Ý
�\{Ú¦{�¤���,ù��(Mn(F ), +, ·)��n�Ý
�.

[5] ò�~¥�ê�F�¤?��ê�,�U�¤õ�ª�,X^óê�2Z[x]O�F�

�

Mn(2Z) = {A = (aij|aij ∈ 2Z, 1 ≤ i, j ≤ n}.

�!ü�­���

~ 1.6 �n��{a�(Zn, +, ·).

~ 1.7 \+G�gÓ��(End(G), +, ·).

n!��{ü5�

�R´���,Ké∀a, b, c ∈ R, n,m ∈ N∗, kXe5�:

1 c(a− b) = ca− cb & (a− b)c = ac− ab;

2 0a = a0 = 0;

3 (−a)b = a(−b) = −ab;

4 (−a)(−b) = ab;

5 ea1, a2, · · · , am ∈ R,K
m∑

i=1

= a1 + a2 + · · ·+ am;

6 (
m∑

i=1

ai)(
n∑

j=1

bj) =
m∑

i=1

n∑
j=1

aibj;

7 (na)b = a(nb) = n(ab)
def
= nab;

8 am = aa · · · a︸ ︷︷ ︸
m

, aman = am+n, (am)n = amn;

9 (−n)a = (−a) + (−a) + · · ·+ (−a)︸ ︷︷ ︸
n

, n(a + b) = na + nb, (n + m)a = na + ma, (nm)a =

n(ma).
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§2 ��Æ!ü �!"Ïf!��

�!Ì��)±eSN:

1 ����Vg�{ü5�;

2 Ã"Ïf�;

3 kü ���,��.

�!���

½Â 2.1 XJ�(R, +, ·)'u¦{÷v��Æ,=∀a, b ∈ R, ab = ba, K¡R����.

~ 2.1 ê�!óê�!pd�ê�!��õ�ª�Ñ´���.

�n > 1�,Mn(F )Ø´���.

~ 2.2 XJ�(R, +, ·)�\{+´Ì�+,KR´���.

�R´���,∀a, b ∈ R,k

1 ∀n ∈ N, (ab)n = anbn;

2 (a± b)2 = a2 ± 2ab + b2, a2 − b2 = (a + b)(a− b), a3 ± b3 = (a± b)(a2 ∓ ab + b2);

3 (a + b)n = an + C1
na

n−1b + C2
na

n−2b2 + · · ·+ Cn−1
n abn−1 + bn.

�!Ã"Ïf�

½Â 2.2 �R´�,XJR¥�a 6= 0, b 6= 0,�ab = 0,K¡a´R����"Ïf, b´R��

�m"Ïf.

5 2.1 1 Rk�"Ïf⇔ Rkm"Ïf;

2 R��"Ïf�7´m"Ïf,~X,�R =

{(
a b

0 0

)
| a, b ∈ R

}
, K

(
1 0

0 0

)
´R�

m"Ïf, �Ø´�"Ïf;

3 eR����,KR�z��(m)"ÏfÑ´m(�)"Ïf;

4 e�R¥���aQ´�"Ïfq´m"Ïf,K¡a�R�"Ïf.

½Â 2.3 e�R¥vk�"Ïf,K¡R�Ã"Ïf�.
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½n 2.1 �R´���,K

(1) R¥vk�"Ïf⇔ R¥k���Æ;

(2) R¥vkm"Ïf⇔ R¥km��Æ.

íØ 2.1 �R´���,Ke�Qã�d:

(1) R¥Ã�"Ïf;

(2) R¥Ãm"Ïf;

(3) R¥÷v���Æ;

(4) R¥÷vm��Æ.

duR´Ã"Ïf�⇔ ∀a(6= 0), b(6= 0) ∈ R∗, ab 6= 0(=R∗´µ4�) ⇔ R∗ ´µ4�⇔ R∗´

¦{�+.�k

íØ 2.2 R´Ã"Ïf�⇔ (R∗, ·)´�+.

~ 2.3 �A ∈ Mn(F )(n ≥ 2),KA´�(m)"Ïf⇔ |A| = 0.

~ 2.4 Zn´Ã"Ïf�⇔ n��ê.

½n 2.2 �(R, +, ·)´��Ã"Ïf�,K\+(R, +)¥z��"����*d�Ó.¿�,�

ù��k��7��ê.

y (1) eR¥z�����Ñ´Ã��,R¥����Ñ�Ó;

(2) eka ∈ R, |a| = n ∈ N,K∀b(6= 0) ∈ R, 0 = (na)b = a(nb),¤±|b| = m|n;Ó��

�n|m,�m = n.db�?¿5=�R¥z��"����Ñ�Ó;

(3)eR¥�"����n´Üê,Kk1 < n1, n2 < n,¦n = n1n2,u´éa(6= 0), b(6= 0) ∈
Rk0 = n(ab) = (n1a)(n2b),�1 < n1, n2 < n ⇒ n1a 6= 0, n2b 6= 0,¤±n1a´�"Ïf,n2b´

m"Ïf,ù�R´Ã"Ïf��gñ. �

n!kü ���

½Â 2.4 e�(R, +, ·)¥k��e,¦∀a ∈ RÑkea = ae = a,K¡ù����R�ü �.P

�1R.

5 2.2 (1) �¥�ü ��7´�ê1;

(2) ¿Ø´z��Ñkü �;
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(3) e�¥kü �,Kù�ü �´���.

½Â 2.5 �R´kü �1R��,a ∈ R.ekb ∈ R¦ab = ba = 1R,K¡a´R¥��_�, ¿

¡b�a�_�.

5 2.3 (1) �k3kü ���¥âU!Ø_��¯K;

(2) =¦3kü ���¥,�Ø�yz���Ñk_�;

(3) e�a�_,Ka�_��´���,P�a−1.

5� 2.1 �R´kü ���,R¥¤k�_��¤�8Ü�R• = {a ∈ R|a�_},KR•´�

�¦{+.

½Â 2.6 �R´�,e÷v

(1) R´���;

(2) Rkü �;

(3) R´Ã"Ïf�,

K¡R���.

~ 2.5 �ê�!õ�ª�!�p(p��ê)��{a�Ñ´��.

óê�!Ý
�!�n(n�Üê)��{a�ÑØ´��.

§3 Ø�!�

�!Ì�0�Ø����Vg

�!Ø�

½Â 3.1 �R´�,e÷v

(1) R¥k�"�;

(2) Rkü �;

(3) R∗¥z���Ñ�_(u´R∗ = R·),

K¡R�Ø�.
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5� 3.1 (1) Ø�´Ã"Ïf�,��Ø,;

(2) eR´Ø�,KR∗´��¦{+;

(3) �"�R´Ø�⇔ R∗´¦{+;

(4) k���"�R´Ø�⇔ R´Ã"Ïf�.

�!�

½Â 3.2 e�R´��Ø�,K¡R��,P�F.

du�F�Ø�,¤±(F ∗, +, ·)´¦{+,Ï
é∀a, b ∈ F ∗�§:

ax = b � ya = b

3F ∗¥k��)x = a−1b, y = ba−1.�F��,¤±a−1b = ba−1 def
=

b

a
,¿¡

b

a
�“bØ±a¤��

û” (½“aØb�û”).

3�F¥,
b

a
(a(6= 0), b ∈ F )ke�5�

(1) ea 6= 0, c 6= 0,K
b

a
=

d

c
⇔ ad = bc;

(2)
b

a
± d

c
=

bc± ad

ac
;

(3)
b

a
· d

c
=

bd

ac
;

(4)
b

a
/
d

c
=

bc

ad
.

½n 3.1 �R´��k���"�,KR´�⇔ R´��.

p. 89 1,2,5 p. 93 1,2,5

§4 Ã"Ïf��A�

�!Ì�0���A��Vg

½Â 4.1 �R�?¿�,XJ�3��ên,¦é∀a ∈ R,Ñkna = 0,K¡ù������

ên��R�A�,P�char(R).XJØ�3ù����ê,K¡R�A��Ã¡�,P�char(R)

=∞.
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~ 4.1 char(Z) = ∞,char(F (x)) = ∞,

char(Mn(F )) = ∞.

char(Zn) = n.

5 4.1 (1) e�R�\+¥k�������∞,Kchar(R)=∞;

(2) e�R�\+¥z���Ñ´k���������n,Kchar(R) = n;

(3) �3�R,¦�\+(R, +)¥QkÃ¡����qkk�����(XR = Zn×Z, (a, b) +

(c, d) = (a + c, b + d), (a, b)(c, d) = (0, 0));

(4) �3�R,¦�\+(R, +)¥z���Ñ´k���,�Ø�3����(XR = {x ∈ C|∃n ∈
N 3 xn = 1)}, x⊕ y = xy, x⊗ y = 1).

~ 4.2 eR¥z���Ñ´���(=∀a ∈ R, a2 = a)�R 6= {0}, KR´A��2����.

5 4.2 ∀a ∈ R,d2a = (2a)2 = 4a2 = 4a = 2a + 2a�2a = 0, 2dR 6= {0}�charR=2,u´

é∀a, b ∈ R, a + b = (a + b)2 = a2 + b2 + ab + ba,=ab = −ba,�a = −a,¤±ab = ba.

31�!,·�®²y²


½n 4.1 �(R, +, ·)´��Ã"Ïf�,K\+(R, +)¥z��"����*d�Ó.¿�,�

ù��k��7��ê.

¤±k

íØ 4.1 ��,Ø�Ú��A�½´Ã��,½´���ê.

öS 1 1 �a(6= 0) ∈ R,eaØ´"Ïf, Kchar(R)=|a|;

2 e�F���óê,Kchar(F )=2.

§5 f�!��Ó�

�!Ì��¹±eSN:

1 f��½Â,cÙ´f��,fØ�Úf��½Â.

2 �Ó�N��½Â�Ä�5�.

3 �Ó��A^–�Ö½n.
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½Â 5.1 �S´�R���f8,XJS'uR¥�\{Ú¦{�¤���,K¡S�R���f

�, Ó�¡R�S�*�.

�d/,k

½Â 5.2 �S(6= ∅) ⊆ (R, +, ·).eS÷v

(1) (S, +)´(R, +)�f+(=∀a, b ∈ S, a− b ∈ S);

(2) (S, ·)é¦{µ4(=∀a, b ∈ S, ab ∈ S)

K¡S´R�f�.

aq/,�±½Âf��,fØ�Úf�:

½Â 5.3 �R´��,S(6= ∅) ⊆ R,e∀a, b ∈ S, a − b ∈ S, ab ∈ S, �S¥kü �, K

¡S´R�f��.

½Â 5.4 �R´Ø�,S(6= ∅) ⊆ R,e

(1) ∀a, b ∈ S, a− b ∈ S, ab−1 ∈ S;

(2) S 6= {0},�S¥kü �(=(S∗, ·)´��¦{+),

K¡S´R�fØ�.

½Â 5.5 eSQ´R�f���´R�fØ�,K¡S´R�f�.

~ 5.1 1 é?¿�R,"�{0}ÚR´R�f�,ùü��¡�R�²�f�.

2 óê�2Z´�ê��f�,�Ø´f��.

3 Z[x]´F [x]�f�,Ù¥F´ê�.

4 S = {[0], [2], [4]}´Z6�f�,�Z6Ø´��,¿�S�Z6�ü �Ø��.

5 �S1 =

{(
n 0

0 n

)
, n ∈ Z

}
,

S2 =

{(
α 0

0 α

)
, α ∈ C

}
,

S3 =

{(
α β

−β̄ ᾱ

)
, α, β ∈ Z

}
.

KS1´M2(C)�f��,S2´M2(C)�f�, S3´M2(C)�fØ�,�M2(C)Ø´��,Ø´

Ø�,�Ø´�.
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dd�±wÑ,f�äkéõÛ%�5�,o�k

5� 5.1 �S´R�f�,K

(1) Rkü �,S�7kü �;

(2) Rvkü �,S�Ukü �;

(3) RØ´���,S�U´���;

(4) RÚSÑkü �,�§��ü ��UØ��;

(5) RØ´��(Ø�!�),S�U´��(Ø�!�);

(6) R´��(Ø�!�),S�7´��(Ø�!�).

5� 5.2 �R��,PC(R) = {a ∈ R|∀x ∈ R, ax = xa},KC(R)´R�f�, ù�f��

�R�¥%,¿�eR´���,KC(R) = R.

5� 5.3 �R1ÚR2Ñ´�,KR1 ∩R2´R1ÚR2�f�.

½Â 5.6 �ϕ´�(R, +, ·)��(R̄, +̄, ·̄)�N�.ek

ϕ(a + b) = ϕ(a)+̄ϕ(b), ϕ(a · b) = ϕ(a)̄·ϕ(b),∀a, b ∈ R

K¡ϕ´���Ó�N�,XJϕ÷�(ü�!V�),K¡ϕ��÷Ó�(�üÓ�!�Ó�).�ϕ´

�Ó�÷��,¡R�R̄Ó�,P�R ∼ R̄.

d½Â=�

½n 5.1 �(A, +, ·), (Ā, +̄, ·̄)´ü��êXÚ,XJϕ´A �Ā�÷�,�é∀a, b ∈ A, ϕ(a +

b) = ϕ(a)+̄ϕ(b), ϕ(a · b) = ϕ(a)̄·ϕ(b), K�(A, +, ·)´��,(Ā, +̄, ·̄)�´�.

½n 5.2 �R
ϕ∼ R̄´�Ó�÷�,K

(1) ϕ(0R) = 0R̄;

(2) ϕ(1R) = 1R̄;

(3) ϕ(−a) = −ϕ(a);

(4) eR´���,KR̄�´���.
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~ 5.2 1 ϕ : Z → Z6; n 7→ [n]��÷Ó�, Z´��,�ϕ(2)´Z6¥�"Ïf.ù`²:�"

Ïf���U´"Ïf.

2 �R = Z × Z = {(a, b)|a, b ∈ Z}, R ¥�\{Ú¦{þ�©þ�\{Ú¦{,KR´��

�,R�Z�Ý�π1 : R → Z; (a, b) 7→ a´�Ó�÷�,ù�Ó�÷�¦R ¥"Ïf��Ø

´"Ïf.

½n 5.3 eR
ϕ∼= R̄´�Ó�,KR´��(Ø�,�)��=�R̄´��(Ø�,�).

dd�±��

Ún 5.1 �(R, +, ·)´���,ϕ : R → A´��V�(A�8Ü),K�±�8ÜA½Â\{Ú

¦{,¦�ϕ¤�R�A�Ó�.

½n 5.4 (�Ö½n) �S´�(R, +, ·)���f�,B = R−S.S̄�´��S
ϕ∼= S̄, B∩S = ∅.K

�3�R̄,÷v:(1) R ∼= R̄; (2) S̄´R̄�f�.

y 1 �S = {aS, bS, cS, · · · } ϕ→ S̄ = {āS, b̄S, c̄S, · · · }; xS 7→ x̄S.PB = {a, b, c, · · · }. �f :

R → R̄; x 7→

{
x̄S, ex ∈ S;

x ex ∈ B.
Kf�V�.

dÚn,��R̄½Â\{+̄Ú¦{·̄,¦R̄���R
f∼= R̄.

�S�S̄¥�\{Ú¦{©OP�+, ·,ey:3S̄S,+�+̄´���,·�·̄´���.

∀x̄S, ȳS ∈ S̄, x̄S + ȳS = z̄S ∈ S̄, KkxS, yS, zS ∈ S¦ϕ(xS) = x̄S, ϕ(yS) = ȳS, ϕ(zS) =

z̄S,u´x̄S+̄ȳS = ϕ(xS)+̄ϕ(yS) = f(xS)+̄f(yS) = f(xS + yS) = f(zS) = ϕ(zS) = z̄S, ù`²

3S̄¥+̄�+´���.

Ón�y,3S̄¥·̄�·�´���.¤±,S̄ ´R̄�f�. �

§6 õ�ª�

�!Ì��¹±eSN:

1 õ�ª��½Â.

2 �½��3½n.

�R0´kü �1R0����,R´R0�f��1R0 ∈ R.?�½α ∈ R0,�	R0¥¹R�α�

��f�:

R[α] = {f(α) =
n∑

i=0

aiα
i | ai ∈ R, n ∈ N},
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w,k

f(α) =
n∑

i=0

aiα
i = a0 + a1α + · · ·+ anα

n ∈ R0.

½Â 6.1 Xþ/ª�f(α)��Rþ'uα���õ�ª,ai��õ�ªf(α)�Xê.

R[α]�¤���(R0�f�),�I�ÑR[α]¥�$�:

∀f(α) =
n∑

i=0

aiα
i, g(α) =

m∑
j=0

bjα
j,Ø��m ≤ n, bm+1 = bm+2 = · · · = bn = 0, $��

f(α) + g(α) =
n∑

i=0

(ai + bi)α
i,

f(α) · g(α) = (
n∑

i=0

aiα
i)(

m∑
j=0

bjα
j) =

n+m∑
k=0

ckα
k

Ù¥ck =
∑

i+j=k

aibj.

½Â 6.2 �R[α]��Rþ�α�õ�ª�.

duR[α]¥õ�ªf(α)�L�/ª�7��(~X,R = Z, α =
√

2 ∈ R0 = R,K3Z[
√

2]¥

k0 = 0 + 0(
√

2)2 = −2 + (
√

2)2,=0�L�ªØ��),Ò´`:þã½Â�õ�ª�¥¬Ñy

�«y�:f(α) = a0 + a1α + a2α
2 + · · · + anα

n = 0,�Xêa0, a1, a2, . . . , anØ��".ù�p

��ê¥�"õ�ª�½Â�gñ.Ïd, ·�k7�éα�?�Ú?Ø.

½Â 6.3 R0¥�����α��Rþ����½�(���),XJ3R¥éØ�Ø��"��

�a0, a1, a2, . . . , an¦
n∑

i=0

aiα
i = 0.ÄK,¡α�Rþ��ê�.S.þ,PRþ��½��x.

½Â 6.4 �f(α) = a0 + a1x + a2x
2 + · · · + anx

n(an 6= 0)��Rþ���õ�ª, K�K�

ên��ù�õ�ª�gê, õ�ª0vkgê.

Rþ�½��õ�ªâ�½Âgê,�é�½��,�½��7�3.~X,�R0 = Q, R =

Z��½�Ø�3.

½n 6.1 (�½��3½n) �R´kü �����,K�3R�*�R0,¦�R0¥¹kR�

�½�.

y²g´ 1 (1)PP = {(a0, a1, a2, · · · ) | ai ∈ R,�kk��ai 6= 0},Ù$��:(a0, a1, a2, · · · )+
(b0, b1, b2, · · · ) = (a0 + b0, a1 + b1, a2 + b2, · · · ), (a0, a1, a2, · · · ) · (b0, b1, b2, · · · ) = (c0, c1, c2, · · · ),

Ù¥ck =
∑

i+j=k

aibj.KP´kü �(1, 0, 0, · · · )����.

(2) P¥�N/�(a, 0, 0, · · · )����¤�RÓ��f�R̄,�(P − R̄)∩R = ∅,d�Ö½
n����#��R0,¦�R´R0�f��R0

∼= P, R0�ü �Ò´R¥ü �1R.

(3) Px = (0, 1, 0, 0, · · · ),Kx´Rþ��½�.
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~ 6.1 �F���,R�F�f�,XJF¥�z���Ñ´Rþ��ê�, KF´���.

�R0´kü �����,R´R0�f��1R0 ∈ R.?�R0¥n���α1, α2, · · · , αn,Ä

k�Rþα1�õ�ª�R[α1],2�R[α1]þα2�õ�ª�R[α1][α2], . . . ,���R[α1][α2] · · · [αn−1]þαn�

õ�ªR[α1] · · · [αn].

∀f(α1, . . . , αn) ∈ R[α1] · · · [αn],kf(α1, . . . , αn) =
∑

ai1i2···inαi1
1 αi2

2 · · ·αin
n ,Ù¥Xêai1i2···in ∈

R �kk�� 6= 0.

½Â 6.5 þã£ã�z�f(α1, . . . , αn)¡�Rþ�α1, . . . , αnõ�õ�ª,
z�ai1i2···in��f(α1, . . . , αn)�X

ê.S.þ,Rþα1, . . . , αn�õ�õ�ª�R[α1] · · · [αn]P�R[α1, . . . , αn].

õ�õ�ª�¥�\{Ú¦{$��

(
∑

i1i2···in
ai1i2···inαi1

1 αi2
2 · · ·αin

n )+

+(
∑

j1j2···jn

bj1j2···jnαj1
1 αj2

2 · · ·αjn
n )

= (
∑

i1i2···in
(ai1i2···in + bi1i2···in)αi1

1 αi2
2 · · ·αin

n )

(
∑

i1i2···in
ai1i2···inαi1

1 αi2
2 · · ·αin

n )

(
∑

j1j2···jn

bj1j2···jnαj1
1 αj2

2 · · ·αjn
n )

= (
∑

k1k2···kn

ck1k2···knαk1
1 αk2

2 · · ·αkn
n )

Ù¥ck1k2···kn =
∑

im+jm=km

ai1i2···inbj1j2···jn

õ�õ�ª�¥��3XL«Ø���¯K,Ïd�½ÂÃ'�½�.

½Â 6.6 R0¥n��x1, x2, · · · , xn��Rþ�Ã'�½�,XJ§�÷v:Rþ�?��'ux1, x2, · · · , xn�

õ�ª�"⇔Tõ�ª�Xê��".

N´y²

½n 6.2 �R´��kü �����,é?¿��ên,�3Rþ�Ã'�½�x1, x2, · · · , xn,¦

õ�ª�R[x1, x2, · · · , xn]�3.

½n 6.3 �α, x ∈ R0, R´R0�f�,x�Rþ��½�,KR[x] ∼ R[α].

��/,k

½n 6.4 �R[x1, x2, . . . , xn]ÚR[α1, α2, . . . , αn]Ñ´kü �����Rþ�õ�ª�,�x1, x2, . . . , xn´Rþ

�Ã'�½�,
α1, α2, . . . , αn´R0¥�?¿�,KR[x1, x2, . . . , xn] ∼ R[α1, α2, . . . , αn].

íØ 6.1 3R[x]¥,�u(x) = f(x) + g(x), v(x) = f(x) · g(x),K3R[α]¥ku(α) = f(α) +

g(α), v(α) = f(α) · g(α).
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��

p. 97 1 p. 101 2,3,4

p. 109 2

§7 n�

�!Ì��)±eSN:

1 n��½Â;

2 ü��Vg;

3 )¤n��Vg9Ù¥���L«/ª;

4 Ìn�ÚAÏ�¹eÌn��(�.

�N´�R�f�,K(N, +) ≤ (R, +),

�d(R, +)´��+��N C R, u´kû+R/N = {a + N | ∀a ∈ R},û+¥�\{�(a +

N) + (b + N) = (a + b) + N.

éuR/N,´Ä�±2½Â��¦{¦R/N¤��?

XJR/N¤��,7k

(a + N)(b + N) = ab + N. (∗)

�¦(∗)ª¤á,NT÷v�o^�Q?

duab+N ⊆ ab+N +aN +bN = (a+N)(b+N),¤±,(∗)¤á�'�´(a+N)(b+N) ⊆
ab + N.dd�±��

5� 7.1 é∀a, b ∈ R,

(a + N)(b + N) = ab + N ⇔ aN ⊆ B�Nb ⊆ N.

¤±,R�f�N÷v∀a, b ∈ R, aN, Nb ⊆ N´é­��.Ï�, dd�±3û+(R/N, +)¥½

Â¦{,¦∀a, b ∈ R, (a + N)(b + N) = ab + N.

½Â 7.1 �N´R�f�.

(1) XJ∀a ∈ R,kaN ⊆ N,K¡N´R����n�;

(2) XJ∀a ∈ R,kNa ⊆ N,K¡N´R���mn�;

(3) XJ∀a, b ∈ R,kaN ⊆ N, Nb ⊆ N, K¡N´R���n�.
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�!Ì�?Øn�.N´R�n�´�:NÄk´R�f�;Ùg,∀a, b ∈ R, aN ⊆ N, Nb ⊆ N.u

´k

½Â 7.2 �N´R���f8,XJ

(1) ∀a, b ∈ N, a− b ∈ N, ab ∈ N ;

(2) ∀r ∈ R, rN ⊆ N, Nr ⊆ N,

K¡N�R���n�.

�d/,k

½Â 7.3 �N(6= ∅) ⊆ R,XJ

(1) ∀a, b ∈ N, a− b ∈ N ;

(2) ∀r ∈ R,∀n ∈ N, rn, nr ∈ N,

K¡N�R���n�,P�N C R.

~ 7.1 é?¿�R,k0("n�)C, R(ü n�) C R.ùü�n�Ú¡�R�²�n�.
R�

Ù§n�(XJ�3�{),��R�ýn�.

~ 7.2 2Z C Z.

~ 7.3 �R´ê�,KN =

{(
a 0

0 a

)
| ∀a ∈ R

}
´M2(R)�f�,�N 6 M2(R).

½n 7.1 Ø�(½�)R�k²�n�.

½Â 7.4 �k²�n���¡�ü�.

w,,Ø�Ú�Ñ´ü�.

5� 7.2 • eN´kü ���R�n�,�1R ∈ N,KN = R;

• eN1, N2 CR,KN1 +N2
def
= {a+b|a ∈ N1, b ∈ N2}CR,ù�n�Ï~¡�n�N1�N2�

Ún�;

• eN1, N2 C R,KN1N2 = {a1b1 + a2b2 + · · ·+ anbn|ai ∈ N1, bi ∈ N2}C R,ù�n�Ï~¡

�n�N1�N2�Èn�;

• eNi C R, i ∈ I,K∩i∈INi C R.
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�R��,S(6= ∅) ⊆ R, Ω = {A|ACR�S ⊆ A}.K∩A∈ΩACR,ù�n���df8S)

¤�n�,P�(S), S��(S)�)¤f8.w,,(S)´R¥�¹S�n�¥�����.�S =

{a1, a2, · · · , an} ´k�8�,P(S) = (a1, a2, · · · , an)(=
n∑

i=1

(miai + xiaiyi + riai + aisi),Ù

¥mi ∈ Z,∀xi, yi, ri, si ∈ R).AO/,

½Â 7.5 d�R¥����a)¤�n�(a)��R�Ìn�.

�R´kü ������,(a) = {ra|r ∈ R}.

~ 7.4 ®�Z[x]´��,(2, x) = {2f(x) + xg(x)|f(x), g(x) ∈ R[x]} = {anx
n + · · · + a1x +

2a0|ai ∈ Z}C Z[x]. �(2, x)Ø´Z[x]�Ìn�.

¯¢þ,e∃f(x) ∈ Z[x]¦(2, x) = (f(x)),Kk2 = g(x)f(x), x = h(x)f(x),u´f(x), g(x)Ñ

´�"~ê,x = h(x)a,�|a| = 1, ¤±1 ∈ (2, x),ù´Ø�U�.

§8 �{a�!Ó��n�

�!�Ì�SN´��Ó�Ä�½n�éA½n.

�I´�R�n�,Kéu\{5`,I´R��5f+,u´I��8a+ I, b+ I, c+ I, · · ·�
¤R���©a,ù�©a���I��{a.ù�©a���u�Ñ
R���m����d

'X:a ∼ b ⇔ a− n ∈ I, ù��d'X�P�a ≡ b (mod I)(½a ≡ b(I)).

R�I��{a�8ÜP�R/I,ù´��\{+.é∀a + I, b + I ∈ R/I, ½Â

(a + I) · (b + I) = ab + I,

Kù�½Â´k¿Â�,¿�(R/I, ·)�¤���+, R/I¥�¦{é\{÷v�m©�Æ,¤

±,(R/I, +, ·)´���.

½Â 8.1 �R��,I C R.¡(R/I, +, ·)�R'un�I��{a� (û�),R/I¥�����

�I��{a.

~ 8.1 �R = Z, I = (6) = 6Z,KR/I = Z6.

~ 8.2 �R = Z6[x], I = (1 + x),KR/I ∼= Z6.

~ 8.3 �R = Z6[x], I = (x),KR/I ∼= Z6.

½Â 8.2 �ϕ : R1 → R2��Ó�,¡R2¥"������ϕ−1(0) = {a ∈ R1|ϕ(a) = 0}�ϕ�

Ø,P�kerϕ.

½n 8.1 �ϕ : R → R̄��Ó�÷�,I = kerϕ.K
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(1) I C R;

(2) R/I ∼= R̄.

½n 8.2 �R´�,I C R.Kk�Ó�ϕ : R → R/I¦ϕ´�÷Ó��ker ϕ = I.¡ù��ϕ�

��g,Ó�.

þ¡�ü�½nÜ¡���Ó�Ä�½n.

½n 8.3 �ϕ : R → R̄�´�Ó�N�,K

(1) eS´R�f�,Kϕ(S)´R̄�f�;

(2) eI´R�n��ϕ�÷�,Kϕ(I)´R̄�n�;

(3) eS̄´R̄�f�,Kϕ−1(S̄)´R�f�;

(4) eS̄´R̄�n�,Kϕ−1(S̄)´R�n�.

��

p. 113 2,5 p. 116 3
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§9 ��n�

�!Ì��)±eSN:

1 ��n��VgÚ�ä��n���{;

2 ÏL��n�¼����{;

3 �n��VgÚÄ�5�.

5 9.1 ��á¥�“��n�”3éõÖ¥�¡�“4�n�”.�
��á��,·�E^“�

�n�”ù�¶c.

¯¢þ,��á¥�“��” ´“4�”�¿g,Ò´vkX'§�(
“��”AT´'XÑ

��¿g,ù´��á���"�).

�ê12kÏê1,2,3,4,6,4Ú6´12�“��” (4�)Ïê.��/,a´n�“��”Ïê��=

�n/a´�ê.�!Ì�´òù«g�A^��þ5.

½Â 9.1 �I´�R���n�,�I 6= R,XJRØ
RÚI	,vkU�¹I�Ù¦n�,K¡I´R�

����n�.

�yR�n�I´��n���küÚ:

(1) I 6= R(�1R ∈ R�,Ï~y²1R 6∈ I);

(2) e(I $)J C R,KJ = R.

~ 9.1 1 �R = Z, p´�ê,Kdp)¤�n�I = (p)´R���n�.

2 �R = Q, p´�ê,Kdp)¤�n�I = (p)Ø´R���n�.

3 �R´�"�,KR�ü���=�"n�{0}´��n�.

4 �R´óê�,I = 4Z C R,KI´R���n�.

Ún 9.1 �I(6= R) C R,K�{a�R/I�ü�⇔ I´R���n�.

Ún 9.2 �R´kü �1R(6= 0)����,KR��⇔ R�ü�.

½n 9.1 �R´kü �1R(6= 0)����,I C R,KR/I��⇔ I´R���4�n�.

½Â 9.2 �I C R,e∀a, b ∈ R,dab ∈ R7ka ∈ R½b ∈ R,K¡I�R����n�.
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~ 9.2 �p´�ê,K(p)�{0}Ñ´Z��n�.

5� 9.1 �R´�,K

(1) R´�n�;

(2) "n�´�n�⇔ R´Ã"Ïf�.

§10 û�

�!Ì�0�dÃ"Ïf���5�Eû���{.

½n 10.1 �R´Ã"Ïf���,K�3���Q,¦R¤�Q���f�,�Q =
{a

b
| a, b(6= 0) ∈ R

}
.

½Â 10.1 �R´�
Q´�¹R����,XJQ =
{[a

b

]
| a, b(6= 0) ∈ R

}
,K¡Q�R�û

�.

½n 10.2 �R 6= 0,�F��¹R��,KF7�¹R�û�.

½n 10.3 e�R��R̄Ó�,K§��g�û��Ó�.

5 10.1 ùü�½n´`,�R�U¬kü�“ØÓ”�û�,�3Ó��¿Âe,z���õ�

k��û�.

��

p. 119 1 p. 124 1,2

öS�g�K

1. y²:ékü ���5`,\{·Ü��Æ�±d½Â¥Ù§^�íÑ.

2. XJ�R¥z���xÑ÷vx2 = x,K¡R�Ù�(Bool)�.y²: éÙ��R¥z��

�x, yÑkx + x = 0, xy = yx.

3. ÞÑØÓ�,©O÷ve�^�:

(a) QÃ�ü �,�Ãmü �;

(b) �k�ü �,
Ãmü �;

(c) �kmü �,
Ã�ü �.
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4. éue��/,©O�Ñ��äN~f:

(a) �Rkü �,
§���f�SÃü �;

(b) �RÃü �,
§���f�Skü �;

(c) �R9Ùf�Ñkü �,�ùü�ü �Ø��.

5. �R¥���a¡�[�K�,eka′ ∈ R¦a + a′ + aa′ = 0. y²:

(a) �"�´[�K�;

(b) eRkü �1,Ka´[�K���=��3a′ ∈ R¦(1 + a)(1 + a′) = 1.

6. ¯:���´Ä�±�Ùýf�Ó�?

7. y²:¢ê��gÓ��kð�gÓ�.

8. y²:lZ[i]�Z[x]�Ó�N��k"Ó�.

9. y²:�ê�Z�ØÓ�f�ØÓ�.

10. �R´���,M, N C R.y²:N ⊆ r(N) = {a|a ∈ R �kan ∈ N}C R,Ù¥n´�ak'

���ê.r(N)¡�n�N��n�. ¿�kr(M ∩N) = r(M) ∩ r(N).

11. Zm�ZnÓ���=�n|m.

12. �S´�R���f8.y²:l(S) = {x ∈ R|xS = {0}}´R��n�, ��3R�mn

�K¦l(S) = l(K).

13. �R´����u1�k��.y²:XJRÃ"Ïf,KR´��Ø�.

14. �R´��u1�kü �����.y²:R´���=�R�?¿���"Ó�Ñ´ü

Ó�.

15. y²:(x)�(2, x)Ñ´õ�ª�Z[x]��n�.

16. �I C R.y²:I´R�4�n���=�R/I´ü�.
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1�g­.�Ô´zÆ[�Ô�;

1�g­.�Ô´ÔnÆ[�Ô�;

�5�­.�ÔXJu),

—-@ò´êÆ[�Ô�.

—-N¶

1oÙ ��p�Ïf©)

l�ê�*:5w,Ð�êØ´ïÄ�ê�Z�Æ�.Äk´�Ø5, ,�´dd�)Ñ

5��X�Vg:ÏfÚ�ê,úÏfÚú�ê,��úÏfÚ��ú�ê,±9îAp�Ø{

�ª�.

�êÏ~�©)¤�
����ê�È,ØU2©)���ü Ò´�ê.
��Ð�ê

Ø�Ä�—-�âÄ�½n´`:z��u�u2��ê�±(ØOgS)��/©)¤�ê�

È.�ÙÁãòZ¥�þãVgÚ5�í2�?¿��þ�.ù«í2´l�Ø5m©�.

§1 ��!��©)

�!Ì�ATÝº���Vg���©)�¿Â.

½Â 1.1 �R´��,a, b ∈ R,ekc ∈ R¦a = bc,K¡a�b�Ø.XJaU�b�Ø,K¡b�a�

Ïf,¿^ÎÒb | a5L«;XJbØU�Øa,^ÎÒb - a5L«.

½Â 1.2 eε´��R¥k_����,K¡ε�R���ü .

�a, b ∈ R,eb = εa,K¡b�a����.

dü �½Â,w,k

½n 1.1 ü�ü �¦È´ü ,ü �_��´ü .

½Â 1.3 ü ±9�a������a�²�Ïf.Ù{�a�Ïf,XJ�k�{,��a�ý

Ïf.
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½Â 1.4 XJ��R���pQØ´"�,�Ø´ü ,¿�p�k²�Ïf,K¡p�R����

�.

½n 1.2 ü ����¦È´��.

½n 1.3 ��¥��Ø�u"��akýÏf⇔ a = bc, bÚc ÑØ´ü .

íØ 1.1 ea(6= 0)kýÏfb, a = bc,Kc�´a�ýÏf.

½Â 1.5 ¡��R¥���a3R¥k��©),XJ

(1) a3R¥U©)¤���¦È,=a = p1p2 · · · pr (Ù¥pi´R���);

(2) eqka = q1q2 · · · qs (Ù¥qi´R���),

Kr = s,¿�·�N�pi�qj�gS�kqi = εipi(Ù¥εi´R�ü ).

~ 1.1 43R = {a + b
√
−3 | a, b ∈ Z}Øäk��©)5.

§2 ��©)�

�!Ì�ATÝº��©)��Vg!��©)½n9Ùy².

½Â 2.1 ����R¡���©)�,XJR�QØ�u"qØ´ü ��Ñk��©).

½n 2.1 ����©)�k±e5�:

(iii) e����pU�Øab,KpU�Øa½b.

��,k

½n 2.2 XJ����÷v±e5�:

(i) R¥�z�QØ´"��Ø´ü ���aÑk��©)a = p1p2 · · · pr(Ù¥pi´R�ü

 );

(ii) XJR�����pU�Øab,KpU�Øa½b,

KR�½´����.

½Â 2.2 �c���a1, a2, . . . , an�úÏf,XJcUÓ��Øa1, a2, . . . , an.

�a1, a2, . . . , an���úÏfd��a1, a2, . . . , an���úÏf,XJdU
�a1, a2, . . . , an�

z��úÏfc �Ø.
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½n 2.3 ����©)�R�ü��aÚb3R¥�½k��úÏf.aÚb���úÏfdÚd′�

U���ü Ïf:d′ = εd (Ù¥ε´ü ).

d8B{�±��

½n 2.4 ����©)�R�n��a1, a2, . . . , an3R¥�½k��úÏf. a1, a2, . . . , an�

ü���úÏf�U���ü Ïf.

½Â 2.3 XJ����©)����a1, a2, . . . , an���úÏf´ü ,K¡a1, a2, . . . , anp

�.

��

p. 130 1,2 p. 135 2

§3 Ìn��

�!�8�´y²Ìn���½´��©)�,Ì�ATÝºÌn���Vg!5��

A^.

½Â 3.1 XJ��R�z�n�Ñ´Ìn�,K¡R�Ìn��.

�
y²Ìn��´��©)�,·�k�y²ü�Ún.

Ún 3.1 �R´��Ìn��,eS�a1, a2, a3, . . . (ai ∈ R)¥z����Ñ´Ùc¡���

��ýÏf,Kù�S��½´��k�S�.

5 3.1 �ÄÌn�

(a1), (a2), · · · , (an), · · ·

kÌn��,ó

(a1) ⊂ (a2) ⊂ · · · ⊂ (an) ⊂ · · ·

PI = ∪∞i=1(ai),KI�´R�n�.u´�3d ∈ R¦I = (d),qdd ∈ I���3n,¦d ∈
(an).·�äó:an´S�a1, a2, a3, . . .(Ù¥z����Ñ´Ùc¡�����ýÏf)���

����.

¯¢þ,ean+1´an�ýÏf,K

an+1 | an, an | d | an+1

u´an+1 = can = cc′an+1,2dR´���cc′ = 1,Ï
an+1�an��,ù�an+1´an�ýÏf

�gñ.
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Ún 3.2 XJR´Ìn��,KR���p)¤����n�.

y �n�I÷v(p) & I ⊆ R,Kkd ∈ R¦I = (d), �dØ´p����.dp ∈ (d)=p =

dc, c ∈ R−R·,kp | c, u´d ∈ R·,¤±I = R.

½n 3.1 (Ì�½n) Ìn��R´��©)�.

y(Ì�½n�y²) Äky²:R¥�z�QØ´"��Ø´ü ���aÑk��©

).¯¢þ,eaØU�¤k�����¦È,KaØ´��,u´��a�ýÏf�Ã¡S�a1, a2, a3, . . . ,Ù

¥z����Ñ´Ùc�����ýÏf. ù�R´Ìn���gñ.

2y:ep | abKp | a½p | b.dab ∈ (p)�,3�{a�R/(p)¥,[a][b] = [ab] = 0.�(p)´R�

��n�,I/(p)´�,k[a] = 0½[b] = 0,=p | a½p | b.

§4 î¼�

�!�8�´y²î¼��½´��©)�,Ì�ATÝºî¼��Vg!5��A^.

½Â 4.1 XJ��R÷v

(1) �3N�ϕ : R → N;

(2) �½R����"�a, R�?Û�bÑ�±�¤b = qa + r(q, r ∈ R) �/ª,Ù¥r =

0½ϕ(r) < ϕ(a),

K¡R�î¼�.

~ 4.1 �ê�Z´î¼�.

½n 4.1 (Ì�½n) î¼�R´Ìn��,Ï
´��©)�.

dd·�®²��

î¼� ⊂ Ìn�� ⊂ ��©)�

¯¢þ,k

î¼� $ Ìn�� $ ��©)�

íØ 4.1 �ê�´Ìn��,Ï
´��©)�.

,	�«~��î¼�´���þ�õ�ª�.�y²ù�(Ø,I�
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Ún 4.1 b�R[x]´��Rþ���õ�ª�,R[x]��

g(x) = anx
n + an−1x

n−1 + · · ·+ a0

��pg�Xêan´R���ü ,KR[x]¥�z�õ�ªf(x)Ñ�±�¤

f(x) = q(x)g(x) + r(x) (q(x), r(x) ∈ R[x])

�/ª,Ù¥r(x) = 0½degr(x) < degg(x).

y �Iydegf(x) > degg(x)��/. �f(x) = bmxm + · · · + b0, f1(x) = f(x) −
a−1

n bmxm−n,�Ä�degf1(x) < degf(x),dêÆ8B{=�y.

½n 4.2 ���Fþ���õ�ª�F [x]´��î¼�.

��

p. 138 1 p. 141 1,2,3

§5 õ�ª��Ïf©)

�!�8�´y²:XJR´��©)�,KR[x]�´��©)�.

dd�±��: XJR´����©)�,KR[x1, x2, · · · , xn]´��©)�.

·�®²��,�Fþ�õ�ª�F [x]´î¼�,�,´��©)�. �!òy²:��©

)�Rþ�õ�ª�R[x]�´��©)�.

�!¥��Rþ���©)�,Q�R�©ª�.¡�k²�Ïf�õ�ª��õ�ª,�

õ�ª���Ø��õ�ª,kýÏf�õ�ª����õ�ª.

½Â 5.1 XJR[x]¥õ�ªf(x)�Xê���úÏf´ü ,K¡f(x)���õ�ª.

·�k±e¯¢:

(1) R�ü ´R[x]�=k�ü .

(2) ����õ�ª 6= 0.

(3) e��õ�ªf(x)��,Kf(x) = g(x)h(x), Ù¥f(x)Úg(x)�gêÑ�u0,Ï
Ñ�u

f(x)�gê.

·�k5w��õ�ª�A�5�.

Ún 5.1 ef(x) = g(x)h(x),Kf(x)´��õ�ª⇔ g(x)Úh(x)Ñ´��õ�ª.
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y (⇐).�g(x) = a0 + a1x + · · · , h(x) = b0 + b1x + · · · ´ü���õ�ª,ef(x) =

c0 + c1x + · · · (6= 0)Ø´��õ�ª,Kc0, c1, · · ·k�0���úÏfd(/∈ R·),2dR´��©

)��k��p|d,u´p|ci,l
kp�Ø¤k�ai½p�Ø¤k�bj,ù�g(x), h(x)Ñ´��õ

�ª�gñ.

Ún 5.2 ∀f(x)(6= 0)Q[x],�3R[x]¥���õ�ªf0(x)Úa, b ∈ R¦f(x) = b
a
f0(x).�3�

��¿Âe,f0(x)´���.

y �f(x) = b0
a0

+ b1
a1

x + · · · + bn

an
xn, ai, bi ∈ R.Pa = a0a1 · · · an,Kf(x) = 1

a
(c0 + c1x +

· · · + cnx
n). �c0, c1, · · · , cn���úÏf�b,Kf(x) = b

a
f0(x),�f0(x) �R[x]¥���õ�

ª.

eqkf(x) = d
c
g0(x),Ù¥c, d ∈ R, g0(x)�R[x]¥���õ�ª,Kbcf0(x) = adg0(x)

P
=

h(x) ∈ R[x].df0(x)�g0(x)þ���õ�ª��,ad, bcþ�h(x)�Xê����Ïf,¤±,∃ε ∈
R·¦bc = εad,=kεf0(x) = g0(x).

Ún 5.3 �f(x)´R[x]¥�����õ�ª,Kf(x)3R[x]¥��⇔ f(x)3Q[x]¥��.

y (⇐).�f(x) = g(x)h(x), g(x), h(x)þ�Q[x]¥���õ�ª.u´kR[x]¥���õ

�ªg0(x), h0(x)±9a, b, c, d ∈ R¦g(x) = b
a
g0(x), h(x) = d

c
h0(x),¿�g0(x)h0(x)���õ�

ª,¤±f(x) = bd
ac

g0(x)h0(x) = (εg0(x))h0(x),�εg0(x), h0(x)ÑØ´R[x]¥�ü ,�f(x)3R[x]¥

��.

Ún 5.4 �f(x)´R[x]¥�����õ�ª,�∂(f(x)) > 0,Kf(x)3R[x]¥k��©).

y 1 ´�f(x)�±�¤Ø�����õ�ª�Èf(x) = p1(x)p2(x) · · · ps(x).

eqkf(x) = q1(x)q2(x) · · · qt(x),Ù¥qi(x)´R[x]¥�Ø�����õ�ª.Kpi(x), qj(x)þ

�Q[x]¥�Ø��õ�ª,dQ[x] ´��©)���,s = t��±b½pi(x) = εiqi(x),Ù

¥εi(=
bi

ai
, ai, bi ∈ R)´Q¥�ü ,dÚn2�y²��εi�R¥�ü ,¤±pi(x) = εqi(x).

½n 5.1 eR´��©)�,KR[x]�´.

y �f(x)´R[x]¥Ø´"�Ø´ü ���õ�ª,ef(x)´��õ�ª½∂(f(x)) =

0K½n®y.±eb�f(x) = df0(x),Ù¥dØ´R�ü , f(x)´gê�u"���õ�ª.

dÚn,f(x)k©)f(x) = p1 · · · pmp1(x) · · · ps(x),Ù¥pi´R¥���,pj(x)´R[x]¥�

Ø�����õ�ª.ef(x)3R[x]¥qU©)¤Ø��õ�ª�Èf(x) = q1 · · · qnq1(x) · · · qt(x),Kqi´R¥

���,qj(x)´R[x]¥�Ø�����õ�ª.

dÚn19Ún2�y²��p1 · · · pm = εq1 · · · qn,¤±p1(x) · · · ps(x) = q1(x) · · · qt(x),2

dR´��©)�9Ún4��:m = n,��b½pi�qi��,s = t,��b½pi(x)�qi(x)��.

dêÆ8B{N´y²

½n 5.2 eR´��©)�,KR[x1, x2, · · · , xn]�´,Ù¥x1, x2, · · · , xn´Rþ�Ã'�½�.
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§6 Ïf©)�õ�ª��

�!Ì�ïÄ��Rþ��õ�ª�Ïf©)���'X.

d�êÄ�½n·���,Eê�þ���ngõ�ªkn��.ù�(Ø3���ê�¥

¿Ø¤á.�!·�òïÄ��þ��õ�ª���¯K,�!¥��Rþ���.Äk�Ñõ

�ª���½Â

½Â 6.1 �f(x) ∈ R[x],e�3a ∈ R¦f(a) = 0,K¡a�õ�ªf(x)��.

d��þõ�ª��{Ø{,´�k

½n 6.1 f(a) = 0 ⇔ (x− a)|f(x).

½n6.1�í2�

½n 6.2 R�k�ØÓ��a1, · · · , akÑ´f(x)��⇔ (x− a1) · · · (x− ak).

dd´�

íØ 6.1 e∂(f(x)) = n,Kf(x)KR¥�õkn��.

��/,

½Â 6.2 eka ∈ R¦(x− a)k|f(x), k(> 1) ∈ Z,K¡a�f(x)���­�.

ïÄ­�I��ê�Vg

½Â 6.3 dõ�ªf(x) = anx
n + an−1x

n−1 + · · · + a1x + a0��û½�õ�ªf ′(x) =

nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ a1��f(x)��ê.

N´�y�ê�Xe5�

5� 6.1 (1) (f(x) + g(x))′ = f ′(x) + g′(x).

(2) (f(x)g(x))′ = f(x)g′(x) + f ′(x)g(x).

(3) (fk(x)) = kfk−1(x)f ′(x).

'u­�,·�k

½n 6.3 f(x)��a´­�⇔ (x− a) | f ′(x).

íØ 6.2 �R[x]´��©)�.a(∈ R)´f(x)�­�⇔ x− a U�Øf(x)�f ′(x)���úÏ

f.

��

p. 150 2
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oES

1�Ù Ä�Vg

1 N�;ü�;÷�;V�;

2 Ó�;Ó�(gÓ�);

3 �d'X�©a;û8.

1�Ù +Ø

1 +(k�+)�½Â;

2 +Ó��5�;

3 C�+;Caylay½n;

4 ��+;���L«;

5 Ì�+�(�;

6 f+�(3�)�½½n�5�;)¤f+;

7 f+��8;�8�5�;Lagrange½n;

8 ØC(�5)f+9Ù�½;û+;

9 Ó�Ä�½n;éA½n.

1nÙ ���

1 �;"Ïf;��;

2 Ø�;�;

3 Ã"Ïf��A��5�;

4 f�;��Ó�;�Ö½n;

5 õ�ª�;

6 n�;)¤n�;

7 �{a�;��Ó�Ä�½n�éA½n;
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8 “��”n�9Ù5�;û�.

1oÙ ��p�Ïf©)

1 ü ;��;���;��©);

2 ��©)��2�½Â;úÏf;��úÏf;

3 Ìn���Vg�5�;

4 î¼��Vg�5�;

5 ��õ�ª;��©)�þõ�ª��Ïª©);

6 Ïf©)�õ�ª��.

SK

1�Ùk10 Ex 1,3

1�Ùk1 Ex 3 k2 Ex 1,4 k5 Ex 2 k6 Ex 1 k7 Ex 2,3,4 k8 Ex 4,5 k9 Ex 2,3 k10

Ex 3

1nÙk2 Ex 5 k4 Ex 1 k5 Ex 3§4 k6 Ex 2 k7 Ex 1

1oÙk1 Ex 2§3 k2 Ex 3 k6 Ex 1§2

öS�g�K

1. y²:3�Z[
√

5i] = {a + b
√

5i|a, b ∈ Z}¥, 2 +
√

5iØU�Ø3.

2. �α ∈ Z[i],�|α|2 = p´�ê.y²:α´Z[i]¥�Ø���.��XÛ?

3. y²:�Z[
√

2i]´Ìn��.

4. y²:x2 + 1´õ�ª�Z[x]¥�Ø���,�Z[x]/(x2 + 1) Ø´�.
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