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§1 \\\+++!!!������½½½ÂÂÂ

���!!!ÌÌÌ������)))±±±eeeSSSNNN:

1 ������VVVggg;

2 üüü���­­­���������;

3 ������{{{üüü555���.
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�(R, +, ·)´äkü��ê$���êNX,XJ
ù��êNX÷v:

(1) (R, +)´��\{��+;

(2) (R, ·)´���+;

(3) R�¦{“·”é\{“+”÷v�m©�Æ,=
é∀a, b, c ∈ Rk

a(b + c) = ab + ac � (b + c)a = ba + ca

K¡(R, +, ·)´���,{P�R.
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~

(Z, +, ·)´���,S.þ¡���ê�,P�Z.

Ó�kknê�Q,¢ê�R,Eê�C.ùA��Ñ

dê|¤,¡�ê�.

~

óê82Z = {· · · ,−4,−2, 0, 2, 4, · · · }éuÏ~�
\{Ú¦{´���.

~

�Z[i] = {a + bi | ∀a, b ∈ Z},KZ[i]UEê�Ï~
�\{Ú¦{�¤���,ù����pd�ê
�.
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�F´��ê�,dFþ��õ�ª|¤�8

ÜF [x] = {anx
n + an−1x

n−1 + · · ·+ a1x + a0 | ai ∈
F, n ∈ N}'uõ�ªÏ~�\{�¦{�¤�
��,ù��(F [x], +.·)¡�'ux���õ�ª
�,½��õ�ª�.

[555] òòò���~~~¥¥¥���êêê���F���¤¤¤???������êêê���,���UUU
���¤¤¤õõõ���ªªª���,XXXZ[x] ���������XXXêêêõõõ���ªªª���.
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ê�Fþ��Ün��
|¤�8ÜMn(F ) =
{A = (aij) | aij ∈ F, 1 ≤ i, j ≤ n}'uÝ

�\{Ú¦{�¤���,ù��(Mn(F ), +, ·)�
�n�Ý
�.

[555] òòò���~~~¥¥¥���êêê���F���¤¤¤???������êêê���,���UUU
���¤¤¤õõõ���ªªª���,XXX^̂̂óóóêêê���2Z[x]OOO���F������

Mn(2Z) = {A = (aij|aij ∈ 2Z, 1 ≤ i, j ≤ n}.
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~

�n��{a�(Zn, +, ·).

~

\+G�gÓ��(End(G), +, ·).
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���R´́́���������,KKKééé∀a, b, c ∈ R, n,m ∈ N∗, kkkXXX
eee555���:

1 c(a− b) = ca− cb & (a− b)c = ac− ab;

2 0a = a0 = 0;

3 (−a)b = a(−b) = −ab;

4 (−a)(−b) = ab;

5 eeea1, a2, · · · , am ∈ R,KKK
m∑

i=1
= a1+a2+ · · ·+am;

6 (
m∑

i=1
ai)(

n∑
j=1

bj) =
m∑

i=1

n∑
j=1

aibj;
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7 (na)b = a(nb) = n(ab)
def
= nab;

8 am = aa · · · a︸ ︷︷ ︸
m

, aman = am+n, (am)n = amn;

9 (−n)a = (−a) + (−a) + · · ·+ (−a)︸ ︷︷ ︸
n

, n(a + b) =

na+nb, (n+m)a = na+ma, (nm)a = n(ma).
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���!!!ÌÌÌ������)))±±±eeeSSSNNN:

1 ������������VVVggg���{{{üüü555���;

2 ÃÃÃ"""ÏÏÏfff���;

3 kkküüü   ���������,������.
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XJ�(R, +, ·)'u¦{÷v��Æ,=∀a, b ∈
R, ab = ba, K¡R����.

~

ê�!óê�!pd�ê�!��õ�ª�Ñ´

���.
�n > 1�,Mn(F )Ø´���.

~

XJ�(R, +, ·)�\{+´Ì�+,KR´���.
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���R´́́���������,∀a, b ∈ R,kkk

1 ∀n ∈ N, (ab)n = anbn;

2 (a± b)2 = a2 ± 2ab + b2, a2 − b2 = (a + b)(a−
b), a3 ± b3 = (a± b)(a2 ∓ ab + b2);

3 (a + b)n = an + C1
na

n−1b + C2
na

n−2b2 + · · · +
Cn−1

n abn−1 + bn.
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���!!!ÃÃÃ"""ÏÏÏfff���

½Â

�R´�,XJR¥�a 6= 0, b 6= 0,�ab = 0,K
¡a´R����"Ïf, b´R���m"Ïf.

5

1 Rkkk���"""ÏÏÏfff⇔ Rkkkmmm"""ÏÏÏfff;

2 R������"""ÏÏÏfff���777´́́mmm"""ÏÏÏfff,~~~XXX,���R ={(
a b

0 0

)
| a, b ∈ R

}
, KKK

(
1 0
0 0

)
´́́R���mmm

"""ÏÏÏfff, ���ØØØ´́́���"""ÏÏÏfff;

3 eeeR������������,KKKR���zzz������(mmm)"""ÏÏÏfffÑÑÑ´́́
mmm(���)"""ÏÏÏfff;
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e�(R, +, ·)¥k��e,¦∀a ∈ RÑkea = ae =
a,K¡ù����R�ü �.P�1R.
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(1) ���¥¥¥���üüü   ������777´́́���êêê1;

(2) ¿¿¿ØØØ´́́zzz������ÑÑÑkkküüü   ���;

(3) eee���¥¥¥kkküüü   ���,KKKùùù���üüü   ���´́́���������.
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(3) eee���a���___,KKKa���___������´́́���������,PPP���a−1.
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�R´kü ���,R¥¤k�_��¤�8Ü
�R• = {a ∈ R|a�_},KR•´��¦{+.
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ééé∀a, b ∈ F ∗���§§§:

ax = b ��� ya = b

333F ∗¥¥¥kkk������)))x = a−1b, y = ba−1.���F������,¤¤¤

±±±a−1b = ba−1 def
=

b

a
,¿¿¿¡¡¡

b

a
���“bØØØ±±±a¤¤¤������ûûû”

(½½½“aØØØb���ûûû”).
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a
(a(6= 0), b ∈ F )kkkeee���555���

(1) eeea 6= 0, c 6= 0,KKK
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=

d

c
⇔ ad = bc;
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a
± d

c
=

bc± ad

ac
;

(3)
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· d
c

=
bd

ac
;

(4)
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a
/
d

c
=

bc

ad
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�R´��k���"�,KR´�⇔ R´��.
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�R�?¿�,XJ�3��ên,¦é∀a ∈ R,Ñ

kna = 0,K¡ù������ên��R�A

�,P�char(R).XJØ�3ù����ê,K
¡R�A��Ã¡�,P�char(R) =∞.

~

char(Z) = ∞,char(F (x)) = ∞,

char(Mn(F )) = ∞.

char(Zn) = n.
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kna = 0,K¡ù������ên��R�A
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~

char(Z) = ∞,char(F (x)) = ∞,
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(1) eee ���R��� \\\ +++ ¥¥¥ kkk ��� ��� ��� ��� ��� ���

���∞,KKKchar(R)=∞;

(2) eee���R���\\\+++¥¥¥zzz���������ÑÑÑ´́́kkk���������������

������������n,KKKchar(R) = n;

(3) ���333���R,¦¦¦���\\\+++(R, +)¥¥¥QQQkkkÃÃÃ¡¡¡���������
���qqqkkkkkk���������������(XXXR = Zn × Z, (a, b) +
(c, d) = (a + c, b + d), (a, b)(c, d) = (0, 0));

(4) ���333���R,¦¦¦���\\\+++(R, +)¥¥¥zzz���������ÑÑÑ ´́́
kkk���������,���ØØØ���333������������(XXXR = {x ∈
C|∃n ∈ N 3 xn = 1)}, x⊕ y = xy, x⊗ y = 1).
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���∞,KKKchar(R)=∞;
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(c, d) = (a + c, b + d), (a, b)(c, d) = (0, 0));

(4) ���333���R,¦¦¦���\\\+++(R, +)¥¥¥zzz���������ÑÑÑ ´́́
kkk���������,���ØØØ���333������������(XXXR = {x ∈
C|∃n ∈ N 3 xn = 1)}, x⊕ y = xy, x⊗ y = 1).
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(1) eee ���R��� \\\ +++ ¥¥¥ kkk ��� ��� ��� ��� ��� ���

���∞,KKKchar(R)=∞;

(2) eee���R���\\\+++¥¥¥zzz���������ÑÑÑ´́́kkk���������������
������������n,KKKchar(R) = n;

(3) ���333���R,¦¦¦���\\\+++(R, +)¥¥¥QQQkkkÃÃÃ¡¡¡���������
���qqqkkkkkk���������������(XXXR = Zn × Z, (a, b) +
(c, d) = (a + c, b + d), (a, b)(c, d) = (0, 0));

(4) ���333���R,¦¦¦���\\\+++(R, +)¥¥¥zzz���������ÑÑÑ ´́́
kkk���������,���ØØØ���333������������(XXXR = {x ∈
C|∃n ∈ N 3 xn = 1)}, x⊕ y = xy, x⊗ y = 1).
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(1) eee ���R��� \\\ +++ ¥¥¥ kkk ��� ��� ��� ��� ��� ���

���∞,KKKchar(R)=∞;

(2) eee���R���\\\+++¥¥¥zzz���������ÑÑÑ´́́kkk���������������
������������n,KKKchar(R) = n;

(3) ���333���R,¦¦¦���\\\+++(R, +)¥¥¥QQQkkkÃÃÃ¡¡¡���������
���qqqkkkkkk���������������(XXXR = Zn × Z, (a, b) +
(c, d) = (a + c, b + d), (a, b)(c, d) = (0, 0));

(4) ���333���R,¦¦¦���\\\+++(R, +)¥¥¥zzz���������ÑÑÑ ´́́
kkk���������,���ØØØ���333������������(XXXR = {x ∈
C|∃n ∈ N 3 xn = 1)}, x⊕ y = xy, x⊗ y = 1).
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eR¥z���Ñ´���(=∀a ∈ R, a2 =
a)�R 6= {0}, KR´A��2����.

y

∀a ∈ R,ddd2a = (2a)2 = 4a2 = 4a = 2a+2a���2a =
0, 222dddR 6= {0}���charR=2,uuu´́́ééé∀a, b ∈ R, a +
b = (a + b)2 = a2 + b2 + ab + ba,===ab = −ba,���a =
−a,¤¤¤±±±ab = ba.
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eR¥z���Ñ´���(=∀a ∈ R, a2 =
a)�R 6= {0}, KR´A��2����.

y

∀a ∈ R,ddd2a = (2a)2 = 4a2 = 4a = 2a+2a���2a =
0, 222dddR 6= {0}���charR=2,uuu´́́ééé∀a, b ∈ R, a +
b = (a + b)2 = a2 + b2 + ab + ba,===ab = −ba,���a =
−a,¤¤¤±±±ab = ba.
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�(R, +, ·)´��Ã"Ïf�,K\+(R, +)¥z
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7��ê.
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1 ���a(6= 0) ∈ R,eeeaØØØ ´́́ """ ÏÏÏ fff,
KKKchar(R)=|a|;

2 eee���F���������óóóêêê,KKKchar(F )=2.
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(1) (S, +)´(R, +)�f+(=∀a, b ∈ S, a− b ∈ S);

(2) (S, ·)é¦{µ4(=∀a, b ∈ S, ab ∈ S)

K¡S´R�f�.
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(1) ∀a, b ∈ S, a− b ∈ S, ab−1 ∈ S;

(2) S 6= {0},�S¥kü �(=(S∗, ·)´��¦{
+),

K¡S´R�fØ�.
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1 é?¿�R,"�{0}ÚR´R�f�,ùü��
¡�R�²�f�.

2 óê�2Z´�ê��f�,�Ø´f��.

3 Z[x]´F [x]�f�,Ù¥F´ê�.

4 S = {[0], [2], [4]}´Z6�f�,�Z6Ø´��,¿
�S�Z6�ü �Ø��.
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5 ���S1 =

{(
n 0
0 n

)
, n ∈ Z

}
,

S2 =

{(
α 0
0 α

)
, α ∈ C

}
,

S3 =

{(
α β

−β̄ ᾱ

)
, α, β ∈ Z

}
.

KKKS1´́́M2(C)���fff������,S2´́́M2(C)���fff���, S3´́́M2(C)���
fffØØØ���,���M2(C)ØØØ´́́������,ØØØ´́́ØØØ���,���ØØØ´́́
���.
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�S´R�f�,K

(1) Rkü �,S�7kü �;

(2) Rvkü �,S�Ukü �;

(3) RØ´���,S�U´���;

(4) RÚSÑkü �,�§��ü ��UØ�
�;

(5) RØ´��(Ø�!�),S�U´��(Ø�!
�);

(6) R´��(Ø�!�),S�7´��(Ø�!�).
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�R��,PC(R) = {a ∈ R|∀x ∈ R, ax =
xa},KC(R)´R�f�, ù�f���R�¥

%,¿�eR´���,KC(R) = R.

5�

�R1ÚR2Ñ´�,KR1 ∩R2´R1ÚR2�f�.
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�ϕ´�(R, +, ·)��(R̄, +̄, ·̄)�N�.ek

ϕ(a+b) = ϕ(a)+̄ϕ(b), ϕ(a·b) = ϕ(a)̄·ϕ(b),∀a, b ∈ R

K¡ϕ´���Ó�N�,XJϕ ÷�(ü�!V
�),K¡ϕ��÷Ó�(�üÓ�!�Ó�).�ϕ´
�Ó�÷��,¡R�R̄Ó�,P�R ∼ R̄.
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½n

�(A, +, ·), (Ā, +̄, ·̄)´ü��êXÚ,XJϕ´A

�Ā� ÷ �,� é∀a, b ∈ A, ϕ(a + b) =
ϕ(a)+̄ϕ(b), ϕ(a · b) = ϕ(a)̄·ϕ(b), K�(A, +, ·)´
��,(Ā, +̄, ·̄)�´�.
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�R
ϕ∼ R̄´�Ó�÷�,K

(1) ϕ(0R) = 0R̄;

(2) ϕ(1R) = 1R̄;

(3) ϕ(−a) = −ϕ(a);

(4) eR´���,KR̄�´���.
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1 ϕ : Z → Z6; n 7→ [n]��÷Ó�, Z´�
�,�ϕ(2)´Z6¥�"Ïf.ù`²:�"Ïf
���U´"Ïf.

2 �R = Z × Z = {(a, b)|a, b ∈ Z}, R ¥�\
{Ú¦{þ�©þ�\{Ú¦{,KR´��

�,R�Z�Ý�π1 : R → Z; (a, b) 7→ a´�Ó

�÷�,ù�Ó�÷�¦R ¥"Ïf��Ø´

"Ïf.
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eR
ϕ∼= R̄´�Ó�,KR´��(Ø�,�)��=

�R̄´��(Ø�,�).

dddddd���±±±������

Ún

�(R, +, ·)´���,ϕ : R → A´��V�(A�
8Ü),K�±�8ÜA½Â\{Ú¦{,¦�ϕ¤

�R�A�Ó�.



1nÙ

���

\+!

��½

Â

��

Æ!ü

 �!

"Ï

f!�

�

Ø�!

�

Ã"Ï

f��

A�

f�!

��Ó

�

õ�ª

�

n�

�{a

�!Ó

��n

�

��n

�

û�

�Ó��5�

½n

eR
ϕ∼= R̄´�Ó�,KR´��(Ø�,�)��=

�R̄´��(Ø�,�).

dddddd���±±±������

Ún

�(R, +, ·)´���,ϕ : R → A´��V�(A�
8Ü),K�±�8ÜA½Â\{Ú¦{,¦�ϕ¤

�R�A�Ó�.



1nÙ

���

\+!

��½

Â

��

Æ!ü

 �!

"Ï

f!�

�

Ø�!

�

Ã"Ï

f��

A�

f�!

��Ó

�

õ�ª

�

n�

�{a

�!Ó

��n

�

��n

�

û�

�Ö½n

½n (�Ö½n)

�S´�(R, +, ·)���f�,B = R − S.S̄�´�

�S
ϕ∼= S̄, B ∩ S = ∅.K�3�R̄,÷v:(1) R ∼= R̄;

(2) S̄´R̄�f�.

y
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x eeex ∈ B.
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dddÚÚÚnnn,������R̄½½½ÂÂÂ\\\{{{+̄ÚÚÚ¦¦¦{{{·̄,¦¦¦R̄������

���R
f∼= R̄.
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yyy:333S̄SSS,+���+̄´́́���������,·���·̄´́́���������.
∀x̄S, ȳS ∈ S̄, x̄S + ȳS = z̄S ∈ S̄, KKKkkkxS, yS, zS ∈
S¦¦¦ϕ(xS) = x̄S, ϕ(yS) = ȳS, ϕ(zS) = z̄S,uuu

´́́x̄S+̄ȳS = ϕ(xS)+̄ϕ(yS) = f(xS)+̄f(yS) =
f(xS + yS) = f(zS) = ϕ(zS) = z̄S, ùùù `̀̀²²²
333S̄¥¥¥+̄���+´́́���������.
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������fff���:

R[α] = {f(α) =
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i=0
aiα

i | ai ∈ R, n ∈ N},

www,,,kkk

f(α) =
n∑

i=0
aiα

i = a0 + a1α + · · ·+ anα
n ∈ R0.

½Â

Xþ/ª�f(α)��Rþ'uα���õ�

ª,ai��õ�ªf(α)�Xê.
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R[α]���¤¤¤���������(R0���fff���),���III���ÑÑÑR[α]¥¥¥���
$$$���:

∀f(α) =
n∑

i=0
aiα

i, g(α) =
m∑

j=0
bjα

j,ØØØ������m ≤ n, bm+1 =

bm+2 = · · · = bn = 0, $$$������

f(α) + g(α) =
n∑

i=0

(ai + bi)α
i,

f(α) · g(α) = (
n∑

i=0

aiα
i)(

m∑
j=0

bjα
j) =

n+m∑
k=0

ckα
k

ÙÙÙ¥¥¥ck =
∑

i+j=k

aibj.
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�R[α]��Rþ�α�õ�ª�.

ddduuuR[α]¥¥¥õõõ���ªªªf(α)���LLL���///ªªª���777������(~~~
XXX,R = Z, α =

√
2 ∈ R0 = R,KKK333Z[

√
2]¥¥¥kkk0 =

0+0(
√

2)2 = −2+(
√

2)2,===0���LLL���ªªªØØØ������),ÒÒÒ
´́́`̀̀:þþþããã½½½ÂÂÂ���õõõ���ªªª���¥¥¥¬¬¬ÑÑÑyyy���«««yyy���:f(α) =
a0+a1α+a2α

2+· · ·+anα
n = 0,���XXXêêêa0, a1, a2, . . . , anØØØ

������""".ùùù���ppp������êêê¥¥¥���"""õõõ���ªªª���½½½ÂÂÂ���ggg
ñññ.ÏÏÏddd, ···���kkk777���éééα���???���ÚÚÚ???ØØØ.
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√
2]¥¥¥kkk0 =

0+0(
√
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R0¥�����α��Rþ����½�(�
� �),X J 3R¥ é Ø � Ø � � " � �

�a0, a1, a2, . . . , an¦
n∑

i=0
aiα

i = 0.ÄK,¡α�Rþ

��ê�.S.þ,PRþ��½��x.

½Â

�f(α) = a0 + a1x + a2x
2 + · · · + anx

n(an 6= 0)�
�Rþ���õ�ª, K�K�ên��ù�õ�

ª�gê, õ�ª0vkgê.
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Rþþþ���½½½������õõõ���ªªªâââ���½½½ÂÂÂgggêêê,���ééé���½½½���
���,���½½½������777���333.~~~XXX,���R0 = Q, R = Z������
½½½���ØØØ���333.

½n (�½��3½n)

�R´kü �����,K�3R�*�R0,¦
�R0¥¹kR��½�.

y²g´

(1) PPPP = {(a0, a1, a2, · · · ) | ai ∈
R, ��� kkk kkk ��� ���ai 6= 0}, ÙÙÙ $$$ ���

���:(a0, a1, a2, · · · ) + (b0, b1, b2, · · · ) = (a0 + b0, a1 +
b1, a2 + b2, · · · ), (a0, a1, a2, · · · ) · (b0, b1, b2, · · · ) =
(c0, c1, c2, · · · ),
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(2) P¥¥¥���NNN///���(a, 0, 0, · · · )������������¤¤¤���RÓÓÓ

������fff���R̄,���(P−R̄)∩R = ∅,ddd���ÖÖÖ½½½nnn���������
���###������R0,¦¦¦���R´́́R0���fff������R0

∼= P, R0���

üüü   ���ÒÒÒ´́́R¥¥¥üüü   ���1R.

(3) PPPx = (0, 1, 0, 0, · · · ),KKKx´́́Rþþþ������½½½���.

~

�F���,R�F�f�,XJF¥�z���Ñ

´Rþ��ê�, KF´���.
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���R0´́́kkküüü   ���������������,R´́́R0���fff������1R0
∈

R.???���R0¥¥¥n���������α1, α2, · · · , αn,ÄÄÄkkk���Rþþþα1���

õõõ���ªªª���R[α1],222���R[α1]þþþα2���õõõ���ªªª���R[α1][α2], . . . ,���
������R[α1][α2] · · · [αn−1]þþþαn���õõõ���ªªªR[α1] · · · [αn].
∀f(α1, . . . , αn) ∈ R[α1] · · · [αn],kkkf(α1, . . . , αn) =∑

ai1i2···inα
i1
1 αi2

2 · · ·αin
n ,ÙÙÙ¥¥¥XXXêêêai1i2···in ∈ R ���kkk

kkk������6= 0.

½Â

þ ã £ ã � z �f(α1, . . . , αn)¡ �Rþ

�α1, . . . , αnõ � õ � ª,
 z �ai1i2···in�

�f(α1, . . . , αn)�Xê.S.þ,Rþα1, . . . , αn�õ

�õ�ª�R[α1] · · · [αn]P�R[α1, . . . , αn].
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ai1i2···inα
i1
1 αi2

2 · · ·αin
n ,ÙÙÙ¥¥¥XXXêêêai1i2···in ∈ R ���kkk

kkk������6= 0.
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þ ã £ ã � z �f(α1, . . . , αn)¡ �Rþ

�α1, . . . , αnõ � õ � ª,
 z �ai1i2···in�

�f(α1, . . . , αn)�Xê.S.þ,Rþα1, . . . , αn�õ
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+(
∑
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∑
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=

∑
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ai1i2···inbj1j2···jn



1nÙ

���

\+!

��½

Â

��

Æ!ü

 �!

"Ï

f!�

�

Ø�!

�

Ã"Ï

f��

A�

f�!

��Ó

�

õ�ª

�

n�

�{a

�!Ó

��n

�

��n

�

û�

Ã'�½�

õõõ���õõõ���ªªª���¥¥¥������333XXXLLL«««ØØØ���������¯̄̄KKK,ÏÏÏ
ddd���½½½ÂÂÂÃÃÃ'''���½½½���.
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R0¥n� �x1, x2, · · · , xn� �Rþ �Ã '

� ½ �,X J § � ÷ v:Rþ � ? � � '
ux1, x2, · · · , xn�õ�ª�"⇔Tõ�ª�
Xê��".

NNN´́́yyy²²²

½n

�R´��kü �����,é?¿��
ên,�3Rþ�Ã'�½�x1, x2, · · · , xn,¦õ�

ª�R[x1, x2, · · · , xn]�3.
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�α, x ∈ R0, R´R0� f �,x�Rþ � � ½

�,KR[x] ∼ R[α].

������///,kkk

½n

�R[x1, x2, . . . , xn]ÚR[α1, α2, . . . , αn]Ñ
´ k ü   � � � � �Rþ � õ �

ª �,�x1, x2, . . . , xn´Rþ � Ã ' �

½ �,
α1, α2, . . . , αn´R0¥ � ? ¿

�,KR[x1, x2, . . . , xn] ∼ R[α1, α2, . . . , αn].
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333R[x]¥¥¥,���u(x) = f(x) + g(x), v(x) = f(x) ·
g(x),KKK333R[α]¥¥¥kkku(α) = f(α) + g(α), v(α) =
f(α) · g(α).
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p. 97 1 p. 101 2,3,4
p. 109 2
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2 üüü������VVVggg;
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4 ÌÌÌnnn���ÚÚÚAAAÏÏÏ���¹¹¹eeeÌÌÌnnn������(((���.
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���ddd(R, +)´́́������+++������NCR,uuu´́́kkkûûû+++R/N =
{a + N | ∀a ∈ R},ûûû+++¥¥¥���\\\{{{���(a + N) + (b +
N) = (a + b) + N.
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(a + N)(b + N) = ab + N. (∗)

���¦¦¦(∗)ªªª¤¤¤ááá,NTTT÷÷÷vvv���ooo^̂̂���QQQ?
ddduuuab + N ⊆ ab + N + aN + bN = (a +

N)(b+N),¤¤¤±±±,(∗)¤¤¤ááá���'''���´́́(a+N)(b+N) ⊆
ab + N.dddddd���±±±������
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5�

é∀a, b ∈ R,

(a + N)(b + N) = ab + N ⇔ aN ⊆ B�Nb ⊆ N.

¤¤¤±±±,R���fff���N÷÷÷vvv∀a, b ∈ R, aN, Nb ⊆ N ´́́ééé

­­­������.ÏÏÏ���, dddddd���±±±333ûûû+++(R/N, +)¥¥¥½½½ÂÂÂ
¦¦¦{{{,¦¦¦∀a, b ∈ R, (a + N)(b + N) = ab + N.
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(a + N)(b + N) = ab + N ⇔ aN ⊆ B�Nb ⊆ N.
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�N´R�f�.

(1) XJ∀a ∈ R,kaN ⊆ N,K¡N´R����

n�;

(2) XJ∀a ∈ R,kNa ⊆ N,K¡N´R���m

n�;

(3) XJ∀a, b ∈ R,kaN ⊆ N, Nb ⊆ N, K
¡N´R���n�.

���!!!ÌÌÌ���???ØØØnnn���.N ´́́R���nnn���´́́���:NÄÄÄkkk´́́R���

fff���;ÙÙÙggg,∀a, b ∈ R, aN ⊆ N, Nb ⊆ N.uuu´́́kkk
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(1) ∀a, b ∈ N, a− b ∈ N, ab ∈ N ;

(2) ∀r ∈ R, rN ⊆ N, Nr ⊆ N,

K¡N�R���n�.
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�N(6= ∅) ⊆ R,XJ

(1) ∀a, b ∈ N, a− b ∈ N ;

(2) ∀r ∈ R,∀n ∈ N, rn, nr ∈ N,

K¡N�R���n�,P�N C R.
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def
= {a + b|a ∈ N1, b ∈
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n�;

eN1, N2 C R,KN1N2 = {a1b1 + a2b2 + · · · +
anbn|ai ∈ N1, bi ∈ N2}C R,ù�n�Ï~¡�

n�N1�N2�Èn�;

eNi C R, i ∈ I,K∩i∈INi C R.



1nÙ

���

\+!

��½

Â

��

Æ!ü

 �!

"Ï

f!�

�

Ø�!

�

Ã"Ï

f��

A�

f�!

��Ó

�

õ�ª

�

n�

�{a

�!Ó

��n

�

��n

�

û�

k'n��­�5�

5�

eN´ k ü   � � �R� n �,�1R ∈
N,KN = R;

eN1, N2 C R,KN1 + N2
def
= {a + b|a ∈ N1, b ∈

N2} C R,ù�n�Ï~¡�n�N1�N2�Ú

n�;

eN1, N2 C R,KN1N2 = {a1b1 + a2b2 + · · · +
anbn|ai ∈ N1, bi ∈ N2}C R,ù�n�Ï~¡�

n�N1�N2�Èn�;

eNi C R, i ∈ I,K∩i∈INi C R.



1nÙ

���

\+!

��½

Â

��

Æ!ü

 �!

"Ï

f!�

�

Ø�!

�

Ã"Ï

f��

A�

f�!

��Ó

�

õ�ª

�

n�

�{a

�!Ó

��n

�

��n

�

û�

k'n��­�5�

5�

eN´ k ü   � � �R� n �,�1R ∈
N,KN = R;

eN1, N2 C R,KN1 + N2
def
= {a + b|a ∈ N1, b ∈

N2} C R,ù�n�Ï~¡�n�N1�N2�Ú

n�;

eN1, N2 C R,KN1N2 = {a1b1 + a2b2 + · · · +
anbn|ai ∈ N1, bi ∈ N2}C R,ù�n�Ï~¡�

n�N1�N2�Èn�;

eNi C R, i ∈ I,K∩i∈INi C R.



1nÙ

���

\+!

��½

Â

��

Æ!ü

 �!

"Ï

f!�

�

Ø�!

�

Ã"Ï

f��

A�

f�!

��Ó

�

õ�ª

�

n�

�{a

�!Ó

��n

�

��n

�

û�

k'n��­�5�

5�

eN´ k ü   � � �R� n �,�1R ∈
N,KN = R;

eN1, N2 C R,KN1 + N2
def
= {a + b|a ∈ N1, b ∈

N2} C R,ù�n�Ï~¡�n�N1�N2�Ú

n�;

eN1, N2 C R,KN1N2 = {a1b1 + a2b2 + · · · +
anbn|ai ∈ N1, bi ∈ N2}C R,ù�n�Ï~¡�

n�N1�N2�Èn�;

eNi C R, i ∈ I,K∩i∈INi C R.



1nÙ

���

\+!

��½

Â

��

Æ!ü

 �!

"Ï

f!�

�

Ø�!

�

Ã"Ï

f��

A�

f�!

��Ó

�

õ�ª

�

n�

�{a

�!Ó

��n

�

��n

�

û�

f8)¤�n�

���R������,S(6= ∅) ⊆ R, Ω = {A|A C R ���S ⊆
A}. KKK∩A∈ΩACR, ùùù���nnn���������dddfff888S)))¤¤¤���

nnn���,PPP���(S), S������(S)���)))¤¤¤fff888.www,,,,(S)´́́R¥¥¥

���¹¹¹S���nnn���¥¥¥���������������.���S = {a1, a2, · · · , an}
´́́kkk���888���,PPP(S) = (a1, a2, · · · , an)(=

n∑
i=1

(miai+

xiaiyi + riai + aisi),ÙÙÙ¥¥¥mi ∈ Z,∀xi, yi, ri, si ∈
R).AAAOOO///,

½Â

d�R¥����a)¤�n�(a)��R�Ìn

�.

���R´́́kkküüü   ������������������,(a) = {ra|r ∈ R}.
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® �Z[x]´ � �,(2, x) = {2f(x) +
xg(x)|f(x), g(x) ∈ R[x]} = {anx

n + · · · +
a1x + 2a0|ai ∈ Z}C Z[x]. �(2, x)Ø´Z[x]�Ìn
�.

¯¢þ,e∃f(x) ∈ Z[x] ¦(2, x) = (f(x)), K
k2 = g(x)f(x), x = h(x)f(x), u´f(x), g(x)Ñ
´�"~ê,x = h(x)a,�|a| = 1, ¤±1 ∈
(2, x),ù´Ø�U�.
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���555fff+++,uuu´́́I������888a + I, b + I, c + I, · · ·���
¤¤¤R���������©©©aaa,ùùù���©©©aaa���������I������{{{aaa.ùùù
���©©©aaa���������uuu���ÑÑÑ


R���������mmm������������ddd

'''XXX:a ∼ b ⇔ a − n ∈ I, ùùù������ddd'''XXX���PPP

���a ≡ b (mod I)(½½½a ≡ b(I)).

R���I������{{{aaa���888ÜÜÜPPP���R/I,ùùù´́́������\\\

{{{+++.ééé∀a + I, b + I ∈ R/I, ½½½ÂÂÂ

(a + I) · (b + I) = ab + I,

KKKùùù���½½½ÂÂÂ´́́kkk¿¿¿ÂÂÂ���,¿¿¿���(R/I, ·)���¤¤¤������
���+++, R/I¥¥¥���¦¦¦{{{ééé\\\{{{÷÷÷vvv���mmm©©©���ÆÆÆ,¤¤¤
±±±,(R/I, +, ·)´́́���������.
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a� (û�),R/I¥������I��{a.

~

�R = Z, I = (6) = 6Z,KR/I = Z6.

~

�R = Z6[x], I = (1 + x),KR/I ∼= Z6.

~

�R = Z6[x], I = (x),KR/I ∼= Z6.
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�ϕ : R1 → R2��Ó�,¡R2¥"�����

�ϕ−1(0) = {a ∈ R1|ϕ(a) = 0}�ϕ�Ø,P�kerϕ.

½n

�ϕ : R → R̄��Ó�÷�,I = kerϕ.K

(1) I C R;

(2) R/I ∼= R̄.

½n

�R´�,I C R.Kk�Ó�ϕ : R → R/I¦ϕ´�

÷Ó��ker ϕ = I.¡ù��ϕ���g,Ó�.
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½n

�ϕ : R → R̄�´�Ó�N�,K

(1) eS´R�f�,Kϕ(S)´R̄�f�;

(2) eI´R�n��ϕ�÷�,Kϕ(I)´R̄�n�;

(3) eS̄´R̄�f�,Kϕ−1(S̄)´R�f�;

(4) eS̄´R̄�n�,Kϕ−1(S̄)´R�n�.
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���yyyR���nnn���I´́́������nnn���������kkküüüÚÚÚ:

(1) I 6= R(���1R ∈ R���,ÏÏÏ~~~yyy²²²1R 6∈ I);

(2) eee(I $)J C R,KKKJ = R.
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1 �R = Z, p´�ê,Kdp)¤�n�I =
(p)´R���n�.

2 �R = Q, p´�ê,Kdp)¤�n�I =
(p)Ø´R���n�.
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4 �R´óê�,I = 4Z C R,KI´R���n
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�R´ k ü   �1R(6= 0)� � � �,I C
R,KR/I��⇔ I´R���4�n�.
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�R 6= 0,�F��¹R��,KF7�¹R�û

�.

½n
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