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§1 CA3Y5EL9?P1.1. P4, Ex1[B��r O e�<���Q det O = −1�k�B^
O =

(

cos θ sin θ

sin θ − cos θ

)�uU�O 
m�� ±1�Q� 1 − cos θ 6= 0 `�g�m�� 1 �m�xG��v
(1 − cos θ)x − sin θy = 0\�R�v l : (1 − cos θ)x − sin θy = 0�sL���W�� (

x

y

)

∈ R2��
 (

x

y

)

, O

(

x

y

)

=

(

cos θx + sin θy

sin θx − cos θy

) ,��v l ���
(

x

y

) ��v l �ACe
|(1−cos θ)x−sin θy|√

2−2 cos θ
�

O

(

x

y

) ��v l �ACe
| (1−cos θ)(cos θx+sinθy)−sin θ(sin θx−cos θy)|√

2−2 cos θ
= |(1−cos θ)x−sin θy|√

2−2 cos θ
�
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Q (

x

y

)  O

(

x

y

) �Ev l �:�zI�3�
sin θx−cos θy−y

cos θx+sin θy−x
· 1−cos θ

sinθ
= −1�k� (

x

y

)  O

(

x

y

) ,��v l ����`��� φ eV�v l ��(#'�� 1 − cos θ = 0 `�g�m�� 1 �m�xG��v
sin θx − (1 + cos θ)y = 0\�R�v l1 : sin θx − (1 + cos θ)y = 0�o�B����

(

x

y

)  O

(

x

y

) ,��v l1 ����� φ eV�v l1 ��(#'� �L9?P1.2. P4, Ex2[B�WR φ, ϕ, θ ∈ T (M)���� (φ · ϕ) · θ = φ · (ϕ · θ)������∀m ∈ M��

[(φ · ϕ) · θ](m) = [φ · (ϕ · θ)](m)�da\�[(φ · ϕ) · θ](m) = (φ · ϕ)(θm) = φ[ϕ(θm)]�

[φ · (ϕ · θ)](m) = φ[(ϕ · θ)(m)] = φ[ϕ(θm)]�k� [(φ · ϕ) · θ](m) = [φ · (ϕ · θ)](m)�6 (φ · ϕ) · θ = φ · (ϕ · θ)� �L9?P1.3. P4, Ex3<�S(K) e	�1����VP {! 60◦; 120◦; 180◦; 240◦; 300◦ �~!��5,�l�[n�=v�[$�� ��Evk&�#'��*e
12 (��$�� �

§2 NW37,L9?P2.1. P8, Ex1[B�uU F e.
 0, 1 �'hÆ C ��("4�W�� ai + bi

√
2 ∈ F, ai, bi ∈ Q, i = 1, 2��
�

2



(a1 + b1

√
2) ± (a2 + b2

√
2) = (a1 ± a2) + (b1 ± b2)

√
2 ∈ F�

(a1 + b1

√
2)(a2 + b2

√
2) = (a1a2 + 2b1b2) + (a1b2 + b1a2)

√
2 ∈ F�

1
a1+b1

√
2

= a1

a2

1
−2b2

1

+ (− b1
a2

1
−2b2

1

√
2) ∈ F�6 F �h�8"�;"/�"e&
��Q ∀0 6= a = a1 + b1

√
2 ∈ F��
 a−1 = a1

a2

1
−2b2

1

+ (− b1
a2

1
−2b2

1

√
2) ∈ F�k� F e�(hÆ� �L9?P2.2. P8, Ex2[B��W��hÆ F��
 Q ⊂ F�QuU
 Aut(F : Q) ⊂ Aut(F )�s���M�Aut(F ) ⊂ Aut(F : Q)�6hÆ F �W0�(#o+��� Q ��da\�∀φ ∈ Aut(F )�� φ(1) = 1��!�W����h n, φ(n) =

n, φ(−n) = −n, φ(n−1) = n−1�k��W�� q = m
n
∈ Q, m, n ∈ Z�Zr�h4��
 φ(m

n
) = φ(m · n−1) = φ(m) · φ(n−1) = m · n−1 = m

n
�k�

φ ∈ Aut(F : Q)� �L9?P2.3. P8, Ex3[B�(1 ) ft�M��W�� x, y ∈ Q�Z x+y
√

2 = 0�� x = y = 0�� x, y ∈ Q Sr 0���� z ∈ Q�b� zx, zy �e�h�Q
(zx, zy) = 1�_��}�9^ x, y eSr 0 ��hQ (x, y) = 1�	 x + y

√
2 = 0 B��x2 = 2y2�k� x eOh�B^ x = 2k�k r�h��! 2k2 = y2�y �eOh�� (x, y) = 1 K��k� x = y = 0�

(2 ) o�B��M��W�� x, y ∈ Q�Z x+ y
√

6 = 0�� x = y = 0�da\����M�W���h x, y�Z x + y
√

6 = 0�� x = y = 0�_��}�9^ x, y eSr 0 ��hQ (x, y) = 1�	 x + y
√

6 = 0 B��x2 = 6y2�k� x eOh�B^ x = 2k�k r�h��! 2k2 = 3y2�y �eOh�� (x, y) = 1 K��k� x = y = 0�
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(3 ) o�B��M��W�� x, y ∈ Q�Z x+ y
√

3 = 0�� x = y = 0�da\����M�W���h x, y�Z x + y
√

3 = 0�� x = y = 0�_��}�9^ x, y eSr 0 ��hQ (x, y) = 1�	 x + y
√

3 = 0 B��x2 = 3y2�k� x e 3 ��h�B^ x = 3k�k r�h��! 3k2 = y2�y �e 3��h�� (x, y) = 1 K��k� x = y = 0�
(4 ) ��M��W�� x, y, z ∈ Q�Z x + y

√
2 + z

√
3 = 0�� x = y =

z = 0�	 x + y
√

2 + z
√

3 = 0 B�
x2 = (y

√
2 + z

√
3)2 = 2y2 + 2yz

√
6 + 3z2�

2y2 + 3z2 − x2 + 2yz
√

6 = 0�	 (2 ) �?J�� yz = 0�6 y = 0 2� z = 0�Z y = 0�� x + y
√

2 + z
√

3 = 0 ⇔ x + z
√

3 = 0�	 (3 ) �?J�x = z = 0�Z z = 0�� x + y
√

2 + z
√

3 = 0 ⇔ x + y
√

2 = 0�	 (1 ) �?J�x = y = 0�k�	 x + y
√

2 + z
√

3 = 0 B� x = y = z = 0�
(5 ) ��M��W�� a, b, c, d ∈ Q�Z a + b

√
2 + c

√
3 + d

√
6 = 0��

a = b = c = d = 0�	 a + b
√

2 + c
√

3 + d
√

6 = 0 �
(b
√

2 + c
√

3 + d
√

6)2 = (−a)2�
2b2 + 3c2 + 6d2 + 4bd

√
3 + 6dc

√
2 = a2�k�	 (4 ) �?J�� bd = 0 Q dc = 0�Z d = 0�� a + b

√
2 + c

√
3 + d

√
6 = 0 ⇔ a + b

√
2 + c

√
3 = 0�	 (4 )�?J�a = b = c = 0�Z b = 0 Q c = 0�� a + b

√
2 + c

√
3 + d

√
6 = 0 ⇔ a + d

√
6 = 0�	 (2 )�?J�a = d = 0�k�	 a + b

√
2 + c

√
3 + d

√
6 = 0�B� a = b = c = d = 0� �
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L9?P2.4. P8, Ex4[B�(1 ) ���>���uU 0, 1 ∈ Q(i)�W�� ak + bki ∈ Q(i), k = 1, 2��

(a1 + b1i) ± (a2 + b2i) = (a1 ± a2) + (b1 ± b2)i ∈ Q(i)�
(a1 + b1i) · (a2 + b2i) = (a1a2 − b1b2) + (a1b2 + b1a2)i�Z 0 6= a1 + b1i ∈ Q(i)��

(a1 + b1i)
−1 = a1

a2

1
+b2

1

+ (− b1
a2

1
+b2

1

)i ∈ Q(i)�k� Q(i) ehÆ�uU 0, 1 ∈ Q(i,
√

5)�W�� ak + bki + ck

√
5 + dk

√
5i ∈ Q(i), k = 1, 2��


(a1 + b1i + c1

√
5 + d1

√
5i) ± (a2 + b2i + c2

√
5 + d2

√
5i)

= (a1 ± a2) + (b1 ± b2)i + (c1 ± c2)
√

5 + (c1 ± c2)
√

5i ∈ Q(i,
√

5)�
(a1 + b1i + c1

√
5 + d1

√
5i) · (a2 + b2i + c2

√
5 + d2

√
5i)

= (a1a2 − b1b2 + 5c1c2 − 5d1d2) + (a1b2 + b1a2 + 5c1d2 + 5d1c2)i

+(a1c2 + c1a2 −d1b2 − b1d2)
√

5+ (a1d2 +d1a2 + c1b2 + b1c2)
√

5i ∈ Q(i,
√

5)�Z 0 6= a + bi + c
√

5 + d
√

5i ∈ Q(i,
√

5)��
(a + bi + c

√
5 + d

√
5i)−1

= a(a2+5c2+b2+5d2)−5c(2ac+2bd)
(a2+5c2+b2+5d2)2−5(2ac+2bd)2

+ 5d(2ac+2bd)−b(a2+5c2+b2+5d2)
(a2+5c2+b2+5d2)2−5(2ac+2bd)2

i

+ c(a2+5c2+b2+5d2)−a(2ac+2bd)
(a2+5c2+b2+5d2)2−5(2ac+2bd)2

√
5 + d(a2+5c2+b2+5d2)+b(2ac+2bd)

(a2+5c2+b2+5d2)2−5(2ac+2bd)2

√
5i ∈ Q(i,

√
5)�k� Q(i,

√
5) ehÆ�

(2 ) 	 Ex2 ��Aut(F : Q) = Aut(F )�k�W�� φ ∈ Aut(F ), a + bi ∈ Q(i)��
 φ(a + bi) = a + bφ(i)�6 φ qS	 φ(i) kT����r i · i = −1�k� φ(i · i) = φ(−1) = −1�6 φ(i) · φ(i) = −1�k� φ(i) = i 2� φ(i) = −i�Z φ(i) = i��
φ : Q(i) → Q(i)

a + bi 7→ a + bi
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e Q(i) \�1��℄�Z φ(i) = −i�7
φ1 : Q(i) → Q(i)

a + bi 7→ a − bie Q(i) \�#o+�k� Aut(F )  
F(�i�Aut(Q(i)) = {I, φ1}�P I e Q(i) \�1��℄�	 Ex2 ��Aut(E : Q) = Aut(E)�k�W�� φ ∈ Aut(E), a+bi+c
√

5+d
√

5i ∈ Q(i,
√

5)��
 φ(a+bi) =

a + bφ(i) + cφ(
√

5) + dφ(
√

5)φ(i)�6 φ qS	 φ(i) / φ(
√

5) kT����r i · i = −1�k� φ(i · i) = φ(−1) = −1�6 φ(i) · φ(i) = −1�k� φ(i) = i 2� φ(i) = −i�! √
5 ·

√
5 = 5�k� φ(

√
5 ·

√
5) = φ(5) = 5�6 φ(

√
5) · φ(

√
5) = 5�k� φ(

√
5) =

√
5 2� φ(

√
5) = −

√
5��! Aut(Q(i,

√
5))  BN
 4 (�i

I : Q(i,
√

5) → Q(i,
√

5)

a + bi + c
√

5 + d
√

5i 7→ a + bi + c
√

5 + d
√

5i�
φ1 : Q(i,

√
5) → Q(i,

√
5)

a + bi + c
√

5 + d
√

5i 7→ a − bi + c
√

5 − d
√

5i�
φ2 : Q(i,

√
5) → Q(i,

√
5)

a + bi + c
√

5 + d
√

5i 7→ a + bi − c
√

5 − d
√

5i�
φ3 : Q(i,

√
5) → Q(i,

√
5)

a + bi + c
√

5 + d
√

5i 7→ a − bi − c
√

5 + d
√

5i�QX����I, φ1, φ2, φ3 ∈ Aut(Q(i,
√

5))�k� Aut(Q(i,
√

5)) = {I, φ1, φ2, φ3}�W� φ ∈ Aut(E : F )�� ∀a ∈ Q, φ(a) = a, φ(i) = i�Q Aut(E : F ) ⊂
Aut(E)�k� Aut(E : F )  
F(�i I, φ2�6
Aut(E : F ) = {I, φ2}� �
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§3 8RH37,L9?P3.1. P11, Ex1<�Sf = {
(

1 2 3

1 2 3

)

,

(

1 2 3

3 2 1

)

}� �L9?P3.2. P11, Ex2<�.
 x3
1x2 �wh%y��� w�

f(x1, x2, x3) = x3
1x2 + x3

2x1 + x3
1x3 + x3

3x1 + x3
2x3 + x3

3x2

�L9?P3.3. P11, Ex3[B��$� f(x, y) = 0T��p| K \WR�� (a, b)�� f(a, b) =

0�! f(x, y) e�� w�k� f(x, y) = f(y, x)��! f(b, a) = 0�6Y-� (a, b) � K \��P,��v x − y = 0 ���� (b, a) �� K \�k� K ,��v x − y = 0 ��� �L9?P3.4. P11, Ex4[B�uU E  .
 ±
√

2��. w f = x2 − 2 �SÆ)�E ehÆ�sL���M�E e.
 w f = x2 − 2 �SÆ)�%yhÆ�6�Y-hÆ F  .
 ±
√

2�� E ⊂ F�da\�	� F ehÆ�k�
DhÆ Q ⊂ F�! √
2 ∈ F�Q F �h��j&
��!W�� a, b ∈ Q ⊂ F,

√
2 ∈ F��
 a + b

√
2 ∈ F�k�

E ⊂ F�k� E e�. ±
√

2 �%yhÆ�6 E e w f = x2 − 2 �%HÆ� �
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���$�}x�����.�!z<��{%;.5#.+�#�0 �~��8��
§1 �"	�)1.1. P17, Ex1:��O0 (G, ·) ���%I,L$ a ∈ G��^ x ∈ G��#

ax = xa = e��l e 0 (G, ·) $�1[�%I^ G l�
ab = ac⇒ x(ab) = x(ac) ⇒ (xa)b = (xa)c⇒ eb = ec⇒ b = c�
ba = ca⇒ (ba)x = (ca)x⇒ b(ax) = c(ax) ⇒ be = ce⇒ b = c�Q (G, ·) qs:�n� �"	�)1.2. P17, Ex2:��(1 ) O0 (S, ·) ����� x ∈ S�UX xS = S�%I�^
e1 ∈ S��# xe1 = x�,L$ y ∈ G�UX Sy = S�%I�^ z ∈ G��# zx = y�%I
ye1 = (zx)e1 = z(xe1) = zx = y�+D�� x ∈ S�UX Sx = S�%I�^ e2 ∈ S��# e2x = x�,L$ y ∈ G�UX yS = S�%I�^ z ∈ G��# xz = y�%I
e2y = e2(xz) = (e2x)z = zx = y�%I e1 = e2e1 = e2 = e � (S, ·) $�1[�

1



L$ y ∈ S�O0 yS = Sy = S�%I�^ y1, y2 ∈ S��#
xy1 = y2x = e��.

y1 = ey1 = (y2x)y1 = y2(xy1) = y2e = y2�Q y1 = y2 � y $|[�%I (S, ·) �G8��
(2 ) O0 (S, ·) �G8V8����qs:�n�%I,L$ a ∈ S�v

fa : S → S, x 7→ ax�_ fa � S ! S $G8S��� fa(S) = aS�,L$ x, y ∈ S�� fa(x) =

fa(y)�Q ax = ay�U:�n�x = y�%I fa � S ! S $���oL! S�V8O�%I fa �q���. aS = S�+Dv
ga : S → S, x 7→ xa�_ ga � S ! S $G8S��� ga(S) = Sa�,L$ x, y ∈ S�� ga(x) =

ga(y)�Q xa = ya�U:�n�x = y�%I ga � S ! S $���oL! S�V8O�%I ga �q���. Sa = S�U (1 )�(S, ·) �G8��
(tpQO A IFdrJiZd) �"	�)1.3. P17, Ex3:���6 φ−1 � H ! G $G8GG,Q��L$ x, y ∈ H��^

a, b ∈ G��#
φ(a) = x, φ(b) = y, φ(a · b) = φ(a) × φ(b) = x× y�

φ−1(x) = a, φ−1(y) = b, φ−1(x× y) = a · b = φ−1(x) · φ−1(y)�%I φ−1 � (H,×) ! (G, ·) $G8+;,Q� �"	�)1.4. P17, Ex4:��(1 ) fXC�(Z,⊕) ;�G8WL��
(i) \$ ⊕ 7��6�$�

2



(ii) ZFn�f�
(iii) V�1[ 1�L$ a ∈ Z�a⊕ 1 = a+ 1 − 1 = a = 1 ⊕ a�
(iv) tG8[+V|[�L$ a ∈ Z��^ −a + 2 ∈ Z��# a ⊕

(−a + 2) = a+ (−a + 2) − 1 = 1 = (−a+ 2) ⊕ a�
(v) WLn�f�%I (Z,⊕) �G8WL��
(2 )φ 7�� Z ! Z $G8GG,Q��L$ a, b ∈ Z�φ(a + b) =

a + b+ 1 = (a + 1) + (b+ 1) − 1 = (a+ 1) ⊕ (b+ 1) = φ(a) ⊕ φ(b)�%I φ � (Z,+) ! (Z,⊕) $�+;� �

§2 =�"	�)2.1. P22, Ex1:��v�Y�0�,a m Dq� n��^a l Dq� 
0 ≤ r < n��#

m = ln + r�
am = aln+r = anlar = (an)lar�%I ar = e�U n $t;?�d r = 0�%I n|m� �"	�)2.2. P22, Ex2:��� ab�ba +�3�Y$�Zp7��f�S� ab, ba i�VG8$Y0V8��3� ab �V8Y�Y 0 n�Q
(ab)n = e�e � G $�1[�_

(ba)n+1 = b(ab)na = bea = ba⇒ (ba)n = e�%I ba F�V8Y$�� ba $Y 0 m�U (ba)n = e IP Ex1 $Zp�_ m|n�+DU (ba)m = e�_
(ab)m+1 = a(ba)mb = aeb = ab⇒ (ab)m = e�

3



U ab $Y0 n IP Ex1 $Zp�_ n|m�%I m = n�ab Z ba V9+$Y� �"	�)2.3. P22, Ex3:��(1 ) O0 H, K � G $p��%I
H−1 = H, K−1 = K, HH = H, KK = K, (HK)−1 = K−1H−1 = KH�� HK � G $p��_

HK = (HK)−1 = K−1H−1 = KH�� HK = KH�_
(HK)(HK) = H(KH)K = H(HK)K = (HH)(KK) = HK�

HK , G $\$6��
(HK)−1 = K−1H−1 = KH = HK�

HK ltG8[#$|[F^ HK l�%I HK � G $G8p��
(2 ) O0 H � G $b=p��%I,L$ a ∈ G�+V aH = Ha��., G $p� K�+V HK = KH�dT (1 ) $Zp�V HK � G $p�� �"	�)2.4. P22, Ex4��S3 = {I,

(

1 2 3

1 3 2

)

,

(

1 2 3

2 1 3

)

,

(

1 2 3

2 3 1

)

,

(

1 2 3

3 1 2

)

,

(

1 2 3

3 2 1

)

}�'VG8GYp��G1 = {I}��8/Yp��
G2 = {I,

(

1 2 3

1 3 2

)

}�G3 = {I,
(

1 2 3

3 2 1

)

}�G4 = {I,
(

1 2 3

2 1 3

)

}�G8�Yp��G5 = {I,
(

1 2 3

3 1 2

)

,

(

1 2 3

2 3 1

)

}�G8lYp��S3 q���l�G2, G3, G4, G5 � G $4�1p��
G5 � S3 $b=p�� �

4



"	�)2.5. P22, Ex5:��Ew G $zq+;� Inn(G) �q+;� Aut(G) $b=p��hEw�L$ Ta ∈ Inn(G) IPL$ σ ∈ Aut(G)�+V
σTaσ

−1 ∈ Inn(G)�����∀x ∈ G�
(σTaσ

−1)x = σ(Ta(σ
−1x)) = σ(a(σ−1x)a−1) = σ(a)σ(σ−1x)σ(a−1)

= (σa)x(σa)−1 = Tσa ∈ Inn(G)�%I Inn(G) � Aut(G) $G8b=p�� �

§3 �|4�/
�"	�)3.1. P27, Ex1�:ι−1 = (itit−1 · · · i2i1)�ι $Y0 t�G
$�m− BJ$Y0 m� �"	�)3.2. P27, Ex2:��� G =< a > �G8BJ��H � G $G8p���� H = {e} =< e >�Zp7��f�S� H 6= {e}�_�^ e 6= b ∈ G�UX G =< a >�%I�^ l ∈ Z��# b = al�W H ���%I a−l = b−1 ∈ H�R M = {k|ak ∈ H, k ∈ N+}�_ M 6= ∅�� m = minM�_ H =< am >�����∀h ∈ H��^ k ∈ Z��# h = ak�va $�Y�0�_�^ q, r ∈ Z, 0 ≤ r < 0��#
k = qm+ r��.

ak = aqm+r = aqmar = (am)qar�
ar = ak(am)−q�WO0 H ���ak ∈ H, am ∈ H, (am)−q ∈ H�%I ar ∈ H�℄U m $�0d"�r = 0�%I h = ak = (am)q��. H =< am > �BJ�� �"	�)3.3. P27, Ex3
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:��1 ) �6U�l[#$Y$)M�Ld"5j���e G irM`�m irM{zj�a ∈ G Z~ am = e�℄[ a i G I
m UuG_WGKzj n�b an = e�wBt m | n��O0 (as)

n
(s, n) = (an)

s
(s, n) = e

s
(s, n) = e��L$ k ∈ Z�� (as)k = e =

ask�_U a $Y0 n d�n | (sk)��. n
(s,n)

| s
(s,n)

k�oL! ( n
(s,n)

, s
(s,n)

) = 1�%I n
(s,n)

| k��. as $Y0 n
(s,n)
�

2 ) dT 1 ) $Zp�[# a(s,n) $Y0 n
((s,n),n)

= n
(s,n)
�%I as Z a(s,n)V9+$Y�

3 ) �6 < as > Z < a(s,n) > +� n
(s,n)

YBJ����^ l, k ∈ Z��# (s, n) = ls+ kn�%I
a(s,n) = als+kn = (as)l(an)k = (as)l ∈< as >�%I < a(s,n) >⊆< as >��. < a(s,n) >=< as >� �"	�)3.4. P27, Ex4��� G lVl8[# G = {e, a, b, b2, ab, ba}�'$�0�0�

· | e a b b2 ab ba

− | − − − − − −
e | e a b b2 ab ba

a | a e ab ba b b2

b | b ba b2 e a ab

b2 | b2 ab e b ba a

ab | ab b2 ba a e b

ba | ba b a ab b2 e

�"	�)3.5. P27, Ex5:��1 ) UXEG8+aI���9WBJ$�N�.EG8 t−BJ+aI���7,L$�N�%IhEw�LG8,L+aI��G<9k,L$�N�� (i j), i < j �LG8,L�2u, j − i [> A>y�
j − i = 1�Zp7��f�

6



S� j − i = m �f�_ j − i = m + 1 ��_ (i j) = (i i + 1)(i +

1 j)(i i + 1)�℄dT>yS��(i + 1 j) aI��G<9k,L$�N��. (i j) aI��G<9k,L$�N�
2 )O0EG89k,L (i i+1) = (1 i)(1 i+1)(1 i)�%I {(1 2), (1 3), ..., (1 n)}� Sn $G8��[O�
3 ) O0%V$ 3− BJ� An ��[O�%IhEw�EG8 3−BJ+aI�� (1 2 i) `b 3− BJ$�N�����

(i j k) = (1 2 k)(1 2 j)(1 2 i)(1 2 k)(1 2 j), i, j, k 6= 1, 2�
(1 i j) = (1 2 i)(1 2 j)(1 2 j)(1 2 i)(1 2 i), i, j 6= 1, 2�

(2 1 i) = (1 2 i)(1 2 i), i 6= 1, 2�
(2 i j) = (1 2 i)(1 2 j)(1 2 j), i, j, k 6= 1, 2�%I {(1 2 3), (1 2 4), ..., (1 2 n)} � An $G8��[O� �

§4 =��-�"	�)4.1. P32, Ex1:��� b = a
n
2�_ b 6= e, b2 = e�� G l$ 2 Y[�/G$�L$ f ∈ Aut(G)�_ (f(b))2 = f(b2) = f(e) = e�%I f(b) = a

n
2 = b�b � Aut(G) $G8�*(� �"	�)4.2. P32, Ex2��B4

∼= {Te, Ta, Tb, Tc}�
Te = (e), Ta = (e a)(b c), Tb = (e b)(a c), Tc = (e c)(a b)� �

§5 ��"	�)5.1. P37, Ex1:��O0 ψ = {[a]|a ∈ G} �� G $G8F+I5�%I,L$
a, b ∈ G�+V

[a][b] ⊆ [ab]�
7



.
[ab] = ab[e] ⊆ a[b][e] ⊆ a[be] = a[b] ⊆ [a][b]�%I

[a][b] = [ab]�
�"	�)5.2. P37, Ex2:��1 ) � ∼ � G $G8%T<4�Ew�H � G $G8p��� x ∈ G�_ x ∼ x��. xx−1 = e ∈ H�H lV G $�1[�H 6= ∅�L$ x, y ∈ H�UX xe−1 = x ∈ H, ye−1 = y ∈ H�%I x ∼ e ∼ y��. x ∼ y�xy−1 ∈ H�L$ y ∈ H�y−1 = ey−1 ∈ H�H ltG8[#$|[+^ H l�L$ x, y ∈ H�y−1 ∈ H�xy = x(y−1)−1 ∈ H�H , G $\$6��%I H � G $p��S� H � G $G8p��Ew ∼ � G $G8%T<4�L$ x ∈ G�_ xx−1 = e ∈ H�x ∼ x�∼ ℄V2�?�L$ x, y ∈ G�� x ∼ y�_ xy−1 ∈ H�yx−1 = (xy−1)−1 ∈ H�%I

y ∼ x�∼ ℄V,�?�L$ x, y, z ∈ G�� x ∼ y, y ∼ z�_ xy−1, yz−1 ∈ H�xz−1 =

(xy−1)(yz−1) ∈ H�x ∼ z�∼ ℄V�'?�%I ∼ � G $G8%T<4�
2 ) � ∼ � G $G8F+<4�Ew�H � G $G8b=p��U ∼ � G $G8F+<4�_ ∼ � G $%T<4��. H � G $p��,L$ a ∈ G, x ∈ H�_ a ∼ a, x ∼ e�%I ax ∼ ae, ax ∼

a�axa−1 ∈ H��. aHa−1 ⊆ H�H � G $b=p��S� H � G $G8b=p��Ew ∼ � G $G8F+<4�
8



UXS� H � G $G8p��%I ∼ � G $G8%T<4��L$ a, b, c, d ∈ G�a ∼ b, c ∼ d�ab−1, cd−1 ∈ H�oL! H � G $b=p��%I a(cd−1)a−1 ∈ H��.
a(cd−1)a−1(ab−1) = a(cd−1)b−1 = ac(d−1b−1) = ac(bd)−1 ∈ H�%I ac ∼ bd��. ∼ � G $G8F+<4� �"	�)5.3. P37, Ex3:��1 ) �6w�ψ �G8I5�L$ x ∈ R�7� x ∈ [x]�R =

⋃

x∈R

[x]�L$ x, y ∈ R�� [x] ∩ [y] 6= ∅�_�^ z ∈ [x] ∩ [y]��# z =

n1a+ x = n2a+ y�̀ ��L$ r ∈ [x]�
r = na + x = (n− n1)a+ n1a+ x

= (n− n1)a+ n2a + y = (n− n1 + n2)a+ y ∈ [y]�
[x] ⊆ [y]�L$ r ∈ [y]�
r = na + y = (n− n2)a+ n2a+ y

= (n− n2)a+ n1a + x = (n− n2 + n1)a+ x ∈ [x]�
[y] ⊆ [x]�%I [x] = [y]�%I ψ � R $G8I5�5vw�ψ � R $F+I5�L$ [x], [y] ∈ ψ�[x] + [y] = {n1a+ x+ n1a + y} = [x+ y]�%I
ψ � R $F+I5�

2 ) �6 C = {eiθ|0 ≤ θ < 2π}��L$ x ∈ R�
φ([x]) = ei 2π

a
x�

φ �g)$�Q�� [x] = [y]�_ φ([x]) = φ([y])�����[x] = [y] ⇔ x− y = na��.
φ([x]) = ei 2π

a
x = ei 2π

a
(na+y) = ei2nπei 2π

a
y = ei 2π

a
y = φ([y])�

φ ���������� φ([x]) = φ([y])�Q ei 2π
a

x = ei 2π
a

y�%I ei 2π
a

(x−y) = 1��.
2(x−y)π

a
= 2nπ�x − y = na�[x] = [y]�

φ �q��
9



����L$ eiθ ∈ C��^ x = a
2π
θ ∈ R�[ a

2π
θ] ∈ ψ�

φ([ a
2π
θ]) = ei 2π

a
a
2π

θ = eiθ�
φ ��\$�����L$ [x], [y] ∈ ψ�φ([x]) = ei 2π

a
x, φ([y]) = ei 2π

a
y�

φ([x] + [y]) = ei 2π
a

(x+y) = ei 2π
a

xei 2π
a

y = φ([x])φ([y])�%I�φ � (ψ, +) ! (C, ·) $G8+;� �

§6 (&"	�)6.1. P42, Ex1:��1 ) L$ a, b ∈ φ(S)�_�^ x, y ∈ S��# φ(x) = a, φ(y) =

b, xy ∈ S�%I
ab = φ(x)φ(y) = φ(xy) ∈ φ(S)�

φ(S) ,�06��L$ a ∈ φ(S)�_�^ x ∈ S��# φ(x) = a�WO0 S ���%I
x−1 ∈ S, φ(x−1) ∈ φ(S)�QV

a−1 = (φ(x))−1 = φ(x−1) ∈ φ(S)�
φ(S) ltG8[+V|[�. φ(S) ⊆ H�%I φ(S) � H $p��

2 ) L$ x, y ∈ φ−1(T )�_ φ(x), φ(y) ∈ T�oL! T � H $G8p��%I
φ(x−1) = (φ(x))−1 ∈ T, x−1 ∈ φ−1(T )�

φ−1(T ) ltG8[#$|[Æ^ φ−1(T )��
φ(xy) = φ(x)φ(y) ∈ T, xy ∈ φ−1(T )�

φ−1(T ) <X G $�06��%I�φ−1(T ) � G $G8p��℄S� T � H $b=p��_,L$ h ∈ H, t ∈ T�+V
hth−1 ∈ T�KQ hTh−1 ⊆ T�

10



L$ a ∈ G, b ∈ φ−1(T )�_ φ(a) ∈ H, φ(b) ∈ T, φ(a−1) ∈ H��.
φ(aba−1) = φ(a)φ(b)φ(a−1) ∈ T�

aba−1 ∈ φ−1(T )�%I φ−1(T ) � G $b=p��
3 ) L$ a ∈ S ·Kerφ��^ x ∈ S, y ∈ Kerφ, a = xy�

φ(a) = φ(xy) = φ(x)φ(y) = φ(x)e = φ(x) ∈ φ(S)�
a ∈ φ−1(φ(S))�

S ·Kerφ ⊆ φ−1(φ(S))�L$ b ∈ φ−1(φ(S))�_�^ φ(b) ∈ φ(S)��.�^ s ∈ S��#
φ(b) = φ(s)��.

φ(s−1b) = φ(s−1)φ(b) = (φ(s))−1φ(b) = (φ(b))−1φ(b) = e�
s−1b ∈ Kerφ�b = s(s−1b) ∈ S ·Kerφ�

φ−1(φ(S)) ⊆ S ·Kerφ�%I�φ−1(φ(S)) = S ·Kerφ� �"	�)6.2. P42, Ex2:���6w�θ � L(G, H) ! L(G) $G8GG,Q�
θ �S������hE!w S � G $p��_ φ(S) � G $p��
θ ��������S� S1, S2 ∈ L(G, H)�� θ(S1) = θ(S2), φ(S1) = φ(S2)�Ew�S1 = S2�L$ x ∈ S1�_ φ(x) ∈ φ(S1) = φ(S2)�%I�^ y ∈ S2��#

φ(y) = φ(x)��. φ(xy−1) = e�xy−1 = s ∈ Kerφ = H ⊆ S2�%I
x = ys ∈ S2�S1 ⊆ S2�+aIw�S2 ⊆ S1�

θ �q������L$ S ∈ L(G)�_ φ−1(S) ∈ L(G, H)�qs�
θ(φ−1(S)) = φ(φ−1(S)) = S�

11



1 ) � S, T ∈ L(G, H)�S ⊇ T (⊇ H = Kerφ)�L$ x ∈ φ(T )��^
y ∈ T ⊆ S��# φ(y) = x ∈ φ(S)�%I φ(T ) ⊆ φ(S)�S� φ(T ) ⊆ φ(S)�L$ x ∈ T�φ(x) ∈ φ(T ) ⊆ φ(S)�%I�^
y ∈ S��# φ(y) = φ(x), φ(xy−1) = e, xy−1 ∈ Kerφ = H ⊆ S�%I�^
h ∈ H,��# xy−1 = h, x = hy ∈ S�T ⊆ S�

2 ) S� S � G $b=p��_ S � G $p��φ(S) � G $p��L$ x ∈ φ(S), y ∈ G�_�^ a ∈ S, b ∈ G��# φ(a) = x, φ(b) =

y, φ(b−1) = y−1�. S �b=p��%I bab−1 ∈ S��.�
yxy−1 = φ(b)φ(a)φ(b−1) = φ(bab−1) ∈ φ(S)�%I φ(S) � G $b=p��S� φ(S) � G $b=p��_,L$ x ∈ φ(S), y ∈ G�+V

yxy−1 ∈ φ(S)�L$ a ∈ S, b ∈ G�_ φ(a) ∈ φ(S), φ(b), φ(b−1) ∈ G,

φ(bab−1) = φ(b)φ(a)φ(b−1) = φ(b)φ(a)(φ(b))−1 ∈ φ(S)�%I�^ s ∈ S��# φ(bab−1) = φ(s), phi(bab−1s−1) = e, bab−1s−1 ∈ Kerφ ⊆ H ⊆ S�%I�^ h ∈ H��# bab−1s−1 = h, bab−1 = hs ∈ S�%I S � G $b=p��
3 ) S� S � G $b=p��_ φ(S) � G $b=p��%I G/φ(S)�$���v�

σ : G→ G/φ(S)�
x 7→ [φ(x)] = φ(x)φ(S)�7��σ � G→ G/φ(S) $G8�+(�UX φ �q$�Jd σ �q+(�

Kerσ = S�����L$ x ∈ S, φ(x) ∈ φ(S), σ(x) = [φ(x)] = φ(x)φ(S) = φ(S)�%I x ∈ Kerσ�S ⊆ Kerσ�L$ x ∈ Kerσ�_ σx = φ(x)φ(S) = φ(S)�%I φ(x) ∈ φ(S)��.�^ s ∈ S��# φ(x) = φ(s), φ(xs−1) = e ∈ G, xs−1 ∈ Kerφ = H ⊆ S�%I�^ h ∈ H��# xs−1 = h, x = hs ∈ S�%I Kerσ ⊆ S�dT�$&G+()�d�G/S ∼= G/φ(S)� �

12



"	�)6.3. P42, Ex3:��1 ) O0 S � G $G8p��%I φ(S) � H $p��.,L$ s ∈ S�φ′(s) = φ(s) ∈ φ(S)�� φ ��+(�%I φ′ ��\$��.
φ′ : S → φ(S)�G8�+(�� φ′ �q��%I�q+(�

2 ) L$ x ∈ S ∩Kerφ�_ φ′(x) = φ(x) = e ∈ φ(S), x ∈ Kerφ′�%I
S ∩Kerφ ⊆ Kerφ′�L$ x ∈ Kerφ′�_ x ∈ S � φ(x) = φ′(x) = e�x ∈ Kerφ�%I
x ∈ S ∩Kerφ�Kerφ′ ⊆ S ∩Kerφ�%I�Kerφ′ = S ∩Kerφ�

3 ) 2uEw�S/(S ∩Kerφ) ∼= φ(S)�UX φ′ � S ! φ(S) $G8q+(�� Kerφ′ = S ∩Kerφ�dT�$&G+()�QaI#!� �"	�)6.4. P42, Ex4:��1 ) O0 H � G $b=p��S �� G $G8p��%I
SH = HS�P22, Ex3, (2)IVY���. SH � G $p��L$ x ∈ H�y ∈ SH ⊆ G�UXH �G$b=p��%I yxy−1 ∈ H��. H � SH $b=p��

S∩H �h8p�$W�Æ����� S $p��L$ x ∈ S∩H, y ∈
S�_ x ∈ H, yxy−1 ∈ H, yxy−1 ∈ S, yxy−1 ∈ S ∩H�%I S ∩H � S $b=p��

2 ) UX H � SH $b=p��%I SH/H ����v�
σ : S → SH/H�
x 7→ xH ∈ SH/H�_�σ � S ! SH/H $G8S���L$ x, y ∈ S�

σ(xy) = xyH = (xH)(yH) = σ(x)σ(y)�QV�σ � S ! SH/H $G8�+(�W xH ∈ SH/H�_ x ∈ SH��^ s ∈ S, h ∈ H��# x = sh�`��xH = (sh)H = s(hH) = sH�%I�^ s ∈ S�qs σ(s) = σ(x) = xH�σ
13



� S ! SH/H $�q+(�L$ x ∈ Kerσ�_ x ∈ S � σ(x) = xH = H�x ∈ H�x ∈
S ∩H�Kerσ ⊆ S ∩H�L$ x ∈ S ∩ H�_ x ∈ H, σ(x) = xH = H�x ∈ Kerσ�%I
S ∩H ⊆ Kerσ�

S ∩H = Kerσ�U�$&G+()�V�S/S ∩H ∼= SH/H� �

§7 3,�"	�)7.1. P46, Ex1:��� a ∈ G�a 6= e�_ a $n� m �� 1�� m | p�WO0 p �# �%I m = p��. < a > � p Y��%I < a >= P� ��omfRLlXn\xMhf�kjU`rJiqP`��"	�)7.2. P46, Ex2:��O0 H �� G $g 0 2 $p��%I� G <X H $%Vu~O0 H, aH��l a∈H�oL! aH = H = Ha⇔ a ∈ H�%I,L$ x ∈ G�� xH = H ⇒ x ∈ H ⇒ Hx = H ⇒ xH = Hx�� xH = aH ⇒ x∈H ⇒ Hx 6= H ⇒ Hx = Ha⇒ xH = Hx�%I H � G $b=p�� �"	�)7.3. P46, Ex3:��1 ) L$ [a1] = [a2], [b1] = [b2]�_ p | (a1 − a2), p | (b1 − b2)�. a1b1 − a2b2 = a1b1 − a2b1 + a2b1 − a2b2 = b1(a1 − a2) + a2(b1 − b2)�%I p | (a1b1 − a2b2)�
[a1b1] = [a2b2]�\$�g)$�L$ [a], [b], [c] ∈ Zp \ {[0]}�V

([a][b])[c] = [ab][c] = [(ab)c] = [a(bc)] = [a][bc] = [a]([b][c])�ZFn�f�
[1] ∈ Zp \ {[0]}�,L$ [a] ∈ Zp \ {[0]}�+V
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[a][1] = [1][a] = [a]�
Zp \ {[0]} <X�0V�1[�L$ [b] ∈ Zp \ {[0]}�_ b 6= kp��. (b, p) = 1�%I�^ l, m ∈ Z��#

lb+mp = 1�
[lb+mp] = [1], [l][b] + [m][p] = [1], [l][b] = [1]�

[l] � [b] $|[�r��Zp \ {[0]} 	%)M$�0�G8��'V p− 1 8[#�� p− 1Y������(Zp \ {[0]}, ·) K�G8WL��
2 ) ,La a ∈ Z�� a = kp�_ p | (ap − a)�ap ≡ a( mod p)�� a 6= kp�_ [a] ∈ Zp \ {[0]}�oL! (Zp \ {[0]}, ·) �G8 p− 1 Y��%I [a]p−1 = [1]�KQ [ap−1] = [1]�%I [ap−1][a] = [a], [ap] = [a]�

p | (ap − a), ap ≡ a( mod p)� �"	�)7.4. P46, Ex4:��L$ g, h ∈ G�
gSg−1 = hSh−1 ⇔ h−1gSg−1h = S = (h−1g)S(h−1g)−1 ⇔ h−1g ∈ N(S)

⇔ gN(S) = hN(S)�KQ�gSg−1 = hSh−1 ⇔ g, h<X G $p� N(S)V9+$u~O�%I G l%VZ S :w$pO {gSg−1|g ∈ G} $8 �B� G l<Xp� N(S) $u~O$8 �%I
|O(S)| = [G : N(S)]�

�

§8 3,Æ�������"	�)8.1. P52, Ex1

15



:��1 ) L$ hi ∈ Hi, hj ∈ Hj�UX Hi, Hj � G $p��%I
h−1

i ∈ Hi, h
−1
j ∈ Hj�dT?k 2 )�_V

(hihj)(h
−1
i h−1

j ) = (hih
−1
i )(hjh

−1
j ) = e�%I

(h−1
i h−1

j )−1 = hihj�.
(h−1

i h−1
j )−1 = (h−1

j )−1(h−1
i )−1 = hjhi�%I�hihj = hjhi�

2 )Hi � G $p��L$ g ∈ G�U 1 )��^ gj ∈ Hj , j = 1, 2, ..., n��#
g = g1 · · · gi−1gigi+1 · · · gn�dTZp 1 )�V
g = g1 · · · gi−1gi+1 · · · gngi�.L$ hi ∈ Hi�dTZp 1 )�V

(g1 · · · gi−1gi+1 · · · gn)hi = hi(g1 · · · gi−1gi+1 · · · gn)hi��
hiHi = Hihi = Hi�

gHi = (g1 · · · gi−1gi+1 · · · gngi)Hi = (g1 · · · gi−1gi+1 · · · gn)Hi

= Hi(g1 · · · gi−1gi+1 · · · gn) = Hi(gig1 · · · gi−1gi+1 · · · gn)

= Hi(g1 · · · gi−1gi+1 · · · gngi) = Hig�%I Hi � G $b=p��
3 )G � Hi1, Hi2 , ..., Hin $zfN�\E!w�
(3.1 ) G = Hi1Hi2 · · ·Hin�`�O0�UZp 1 )�L$ i, j�+V

HiHj = HjHi�%I
G = H1H2 · · ·Hn = Hi1Hi2 · · ·Hin�

(3.2 ) L$ hij , h
′
ij
∈ Hij , j = 1, 2, ..., n�UZp 1 )�

(hi1hi2 · · ·hin)(h′i1h
′
i2
· · ·h′in) = (h1h2 · · ·hn)(h′1h

′
2 · · ·h′n)

= (h1h
′
1)(h2h

′
2) · · · (hnh

′
n) = (hi1h

′
i1
)(hi2h

′
i2
) · · · (hinh

′
in

)�
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(3.3 ) S� g = gi1gi2 · · · gin = g′i1g
′
i2
· · · g′in��l gij , g

′
ij
∈ Hij ,

j = 1, 2, ..., n�_dTZp 1 )�V�
g = gi1gi2 · · · gin = g′i1g

′
i2
· · · g′in

= g1g2 · · · gn = g′1g
′
2 · · · g′n, gj, g

′
j ∈ Hj, j = 1, 2, ..., n�U*V c)�_ gj = g′j, j = 1, 2, ..., n�%I gij = g′ij , j = 1, 2, ..., n�%I�G � Hi1 , Hi2, ..., Hin $zfN�

4 ) U c) d"�gi Æ g /G
)�%I φi � G ! Hi $G8S���
(4.1 ) ,L$ gi ∈ Hi��^ g = e · · · e

︸ ︷︷ ︸

i−1

gi e · · · e
︸ ︷︷ ︸

n−i

∈ G��# φi(g) = gi�KQ φi �q��
(4.2 ) ,L$ g, h ∈ G, g = g1g2 · · · gn, h = h1h2 · · ·hn, gj , hj ∈ Hj�_U b) #!�gh = (g1h1)(g2h2) · · · (gnhn)��.

φi(gh) = gihi = φi(g)φi(h)�%I φi ���$\$�%I�φi �� G ! Hi $G8q+(�
(4.3 ) � g = g1 · · · gi−1gi+1 · · · gn ∈ H1 · · ·Hi−1Hi+1 · · ·Hn�_

g = g1 · · · gi−1egi+1 · · · gn ∈ H1 · · ·Hi−1HiHi+1 · · ·Hn�
φi(g) = e, g ∈ Kerφi�� g ∈ Kerφi�a� g = g1 · · · gi−1gigi+1 · · · gn�_ φi(g) = gi = e�%I g = g1 · · · gi−1egi+1 · · · gn = g1 · · · gi−1gi+1 · · · gn ∈ H1 · · ·Hi−1Hi+1 · · ·Hn�%I Kerφi = H1 · · ·Hi−1Hi+1 · · ·Hn� �"	�)8.2. P53, Ex2:��UX h1h2 · · ·hn .	Æ (h1, h2, ..., hn) 
)�%I φ � G ! G $G8S���

(1 ) � g, h ∈ G�g = (g1, g2, ..., gn), h = (h1, h2, ..., hn)�_�
gh = (g1h1, g2h2, ..., gnhn)�
φ(gh) = (g1h1)(g2h2) · · · (gnhn) = (g1g2 · · · gn)(h1h2 · · ·hn) = φ(g)φ(h)�%I φ � G ! G $G8�+(�

(2 ) � g ∈ G�_�^ gi ∈ Hi, i = 1, 2, ..., n��# g = g1g2 · · · gn��.�^ g = (g1, g2, ..., gn) ∈ G�qs φ(g) = g�
17



%I φ � G ! G $G8q�+(�
(3 ) � g, h ∈ G�g = (g1, g2, ..., gn), h = (h1, h2, ..., hn)�_�

φ(g) = g1g2 · · · gn, φ(h) = h1h2 · · ·hn�� φ(g) = φ(h)�_ g1g2 · · · gn = h1h2 · · ·hn ∈ G�oL! G � Hi $zfN�U c)�_ gi = hi i = 1, 2, ..., n��.�
(g1, g2, ..., gn) = (h1, h2, ..., hn)�%I φ � G ! G $G8��+(�%I φ � G ! G $G8�+;� �"	�)8.3. P53, Ex3:��UX G = H1H2 �zfN�%I�^ G ^5i H1 ,R

φ1 : G→ H1�
g 7→ h1�_ φ1 � G ! H1 $q+(�� Kerφ1 = H2�dT�$&G+()�_

H1
∼= G/H2�+DaIw�

H ′
1
∼= G/H2�℄U�+;$�'?�H1

∼= H ′
1�e��Klein "[��K = {e, a, b, ab}��l e ��1[�a2 = b2 =

(ab)2 = e�R H1 =< a >, H ′
1 =< b >, H2 =< ab >�_ K = H1H2 = H ′

1H2 �zfN�H1
∼= H ′

1�� H1 6= H ′
1� �"	�)8.4. P53, Ex4:��2u, n [>>y�

n = 1 ��Zp��1$�
n = 2 ��� G =< a1 >< a2 > �zfN�� ai $n�� mi, i = 1, 2�� (m1, m2) = 1�O0 G � < a1 > Z < a2 > $zfN�� < a1 >�< a2 > +�V8Y��%I |G| ≤ | < a1 > | · | < a2 > | = m1m2�

18



WO0 a1a2 ∈ G�� (a1a2)
m1m2 = (a1)

m1m2(a2)
m1m2 = e�%I (a1a2)$Y � m1m2 $O �� (a1a2) $Y 0 l�_ l | m1m2�� (a1a2)

l =

(a1)
l(a2)

l = e�. e = e·e� G =< a1 >< a2 >�zfN�%I (a1)
l(a2)

l = e�� (a1)
l = (a2)

l = e��. m1 | l, m2 | l�l � m1, m2 $9 �oL l Vt;?�%I l = [m1, m2] � m1, m2 $t;9 �WO0 m1, m2 H#�%I l = [m1, m2] = m1m2 � a1a2 $Y�G �
m1m2 YBJ��S� n = k �Zp�f� n = k + 1 ��R H =< a1 > · · · < ak >�_ H � < a1 >, ..., < ak $zfN��qs>yS�$*V��. H �Y 0 m1 · · ·mk $BJ�����[0 a1 · · ·ak�KQ H =< a1 · · ·ak >�7��G = H· < ak+1 > �fN�H � m1 · · ·mk YBJ��< ak+1 >� mk+1 YBJ��� (m1 · · ·mk, mk+1) = 1�dT�v$Zp�_V�
G =< (a1 · · ·ak) · ak+1 > � (m1 · · ·mk ·mk+1) YBJ�� �

§9 ��"	�)9.1. P58, Ex1:�:� Sn $G8 2 Yp� H = {e, σ}��l σ2 = e�e 0G%jL�S� H � Sn $b=p��_,L$ α ∈ Sn�+V ασα−1 ∈ H�UXEG8jL+aI���7�9WoL$N�%Ia�
σ = γ1γ2 · · · γs��l�γ1, γ2, · · · , γs ��9W$4G%jL�S� γi $Y 0 ti�oL!�9WjL�aWL$�O. γ1γ2 · · · γt $Y0 [t1, · · · , ts] 0 t1, ..., ts $t;9 �oL! σ2 = e�%I

t1 = · · · = ts = 2�a� σ = (i1 i2)(i3 i4) · · · (ij−1 ij)�O0 n ≥ 3�%Ii��^G8 3−oL (i1 i2 i3)�� α = (i1 i2 i3)�_ α−1 = (i3 i2 i1)�̀ �
ασα−1 = (i1 i2 i3)(i1 i2)(i3 i4) · · · (ij−1 ij)(i3 i2 i1)

= (i1 i2 i3)(i1 i2)(i3 i4)(i3 i2 i1) · · · (ij−1 ij)
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= (i1 i3)(i2 i4) · · · (ij−1 ij)∈H%I H �� Sn $b=p�� �"	�)9.2. P58, Ex2:��Sn, An, {(1)} � Sn $ �b=p��
n = 1, 2 ��Zp7��
n = 3 ��|S3| = 6�'V 2, 3 Y4�1p��.� 3 Yp�0 A3���b=p��5!w�� 2 Yp���b=p��S3 $ 2 Yp�h{�

H = {(1), (i1, i2)}�UX�^ (i1 i2 i3) ∈ S3��
(i1 i2 i3)(i1 i2)(i1 i2 i3)

−1 = (i1 i3)∈H�%I H �� S3 $b=p��
n ≥ 5 ��oL A5 ����� H � Sn $NX Sn, An, {(1)} b=p��_ H �� An $b=p��F\�! H �� An $p���b H i AnI}`�Bi An I{N}`��`m�K = H ∩ An�_L α ∈ Sn, β ∈ K�_

β ∈ H, αβα−1 ∈ H�
β ∈ An, αβα

−1 ∈ An�. αβα−1 ∈ K�K � Sn $b=p��oL! K F� An $b=p��%I K = {(1)} M K = An�� K = An�UX K � H $p��%I An � H $p��oL! An$g 0 2�%I��^ H�qs
An ( H ( Sn�

(|An| i |Sn| I�Eysj)�r-�%I K = {(1)}�� K = {(1)}�_ H l��1I-sV�&}jL�O0Eh8�jLeN0}jL�%IL α, β ∈ H��V αα = αβ = (1)��. H �G8 2 Yp��℄U Ex1�r-�%I Sn sVNX Sn, An, {(1)} $b=p��
�
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§10 ���7�>2�
§11 �6��A1"	�)11.1. P71, Ex1:�� (1 ) L$ g ∈ G, H ∈ M�EC gHg−1 ∈ M�ai G I}`������

(gHg−1)(gHg−1) = gHHg−1 = gHg−1, (gHg−1)−1 = (g−1)−1H−1g−1)�,L$ H ∈M IP e ∈ G�V e×H = eHe−1 = H�,L$ g, h ∈ G, H ∈ M�V g × (h × H) = g × (hHh−1) =

g(hHh−1)g−1 = (gh)H(gh)−1 = (gh) ×H�
(2 )H � G $b=p�
⇔ L g ∈ G�+V gHg−1 = H

⇔ L g ∈ G�+V g ∈ SH

⇔ SH = G �"	�)11.2. P71, Ex2:��(1 ) �6E!w�L g ∈ G�+V gA ∈M�KQ gA F� G lA m 8[#$pO�����)MS�
φ : A→ gA

a 7→ ga�_�L a1, a2 ∈ G�� ga1 = ga2�U�l\$$:�n�a1 = a2�φ ����L x ∈ gA��^ a ∈ A �# x = ga��. φ(a) = ga = x�φ �q��℄�L A ∈M�e � G $�1[��Jd"�e × A = eA = A�L A ∈M, g, h ∈ G�V
g × (h×A) = g × (hA) = g(hA) = (gh)A = (gh) ×A�

(2 ) O0 ∀s ∈ SA, a ∈ A�V s× a = sa ∈ A�%IO A aI_vG8
SA− O�
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^ A �)MG8<4 ∼: x ∼ y ⇔ �^ s ∈ SA��# sx = y�_ ∼ �
A �$G8%T<4�x ^ SA− O A l$?" Ox �[# x ^%T<4 ∼5$%Tb�� A =

⋃

x∈A

Ox�5�,L$ x ∈ A�+ |SA| = |Ox|�����v SA ! Ox $G8S��
φ : SA → Ox

s 7→ sx�O0L$ s1, s2 ∈ SA�V s1x = s2x⇒ s1 = s2�φ ����WL y ∈ Ox��^ s ∈ SA��# y = sx��.�^ s ∈ SA�qs
φ(s) = sx = y�φ �q��%IL$ x, y ∈ A�|SA| = |Ox| = |Oy|�W A �V8O�'�V88�9W$ Ox $�O�%I |A| � |Ox| $ �%I |SA| | m� �

§12 y9?*'"	�)12.1. P71, Ex1:��(1 ) U a[s,t] = (as)
[s,t]

s ∈< as >⇒< a[s,t] >⊆< as >�+�< a[s,t] >⊆< at >�%I < a[s,t] >⊆< as > ∩ < at >�� x ∈< as > ∩ < at >�_ x ∈< as >��^a k��# x =

aks�x ∈< at >��^a l��# x = alt�%I x = am � s | m, t | m�KQ��^a n��# x = a[s,t]n = (a[s,t])n ∈< a[s,t] >�%I < as > ∩ <

at >⊆< a[s,t] >�%I < as > ∩ < at >=< a[s,t] >�
(2 ) U as ∈ a(s,t), at ∈ a(s,t)�_

< as >⊆< a(s,t) >�< at >⊆< a(s,t) >�%I < as > · < at >⊆< a(s,t) >�L x ∈< a(s,t) >�_�^a l��# x = a(s,t)l�UX�^a m, n�qs ms + nt = (s, t)�%I
22



x = a(s,t)l = (a(s,t))l = (a(ms+nt))l = (as)ml · (at)nl ∈< as > · < at >�%I < a(s,t) >⊆< as > · < at >�%I < as > · < at >=< a(s,t) >� �"	�)12.2. P71, Ex2:��U G l[#$Y^��X 2�%IL a ∈ G�+V a2 = e, e 0
G $�1[�%I,L a ∈ G�a−1 = a�L a, b ∈ G�(ab)−1 = ab�� (ab)−1 = b−1a−1 = ba�%I ab = ba�G�WL�� �"	�)12.3. P71, Ex3:��U H ⊆ C(G)�%I H � G $b=p��G/H ����

G/H �BJ��a� G/H =< a >, a ∈ G�L x, y ∈ G�`m
x, y %^$~O x, y�_�^a k, l��# x = (a)k, y = (a)l��.�^
c1, c2 ∈ C(G)�qs x = akc1, y = alc2�%I xy = akc1a

lc2 = akalc1c2 = alakc1c2 = alc2a
kc1 = yx�KQ�G �G8WL�� �"	�)12.4. P72, Ex4:���� G $Y0 p2�_ G l[#$Y0 1, p, p2�� G l�^ p2 Y[#�_ G �G8BJ���WL��� G lsV p2 Y[#�_ G l���1[I-�+� p Y[#��

a, b ∈ G�_ ap = bp = e��L 0 < s < p�+V as 6= e, bs 6= e, e 0 G $�1[�� (ab)p = e⇒ (ab)p = e = apbp ⇒ (ab)p−1 = ap−1bp−1�oL!�(ab)−1 = (ab)p−1, (a)−1 = (a)p−1, (b)−1 = (b)p−1�%I (ab)−1 = a−1b−1 ⇒ b−1a−1 = a−1b−1 ⇒ (b−1a−1)−1 = (a−1b−1)−1 ⇒
ab = ba�%I G �WL�� �"	�)12.5. P72, Ex5:��O0 G �G8WL��� |G| = p1p2 · · · pt�pi, i = 1, 2, ..., t �H�9+$# �dTP 7.6(STC P43)�G l�^ pi Y[�i = 1, 2, ..., t�R G $ pi Y[0 ai�i = 1, 2, ..., t�̀ m H =< ak > · < al >�UX G�WL��%I H =< ak > · < al > � G $p��� < ak >, < al > � H
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$p���. pk | |H|, pl | |H|, |H| �p� H $Y�UX pk, pl ��+$# �(pk , pl) = 1�%I H � pkpl Y��`m akal $Y �7��akal $Y� pkpl $O �oL!�pk , pl ��+$# �%I akal $Yh{��1, pk, pl, pkpl�� akal $Y0 1�_ akal = e��. a−1
k = al�'uV9+$Y�� akal $Y0 pk�_ (akal)

pk = a
pk

k a
pk

l = a
pk

l = e�r-�� akal $Y0 pl�_ (akal)
pl = a

pl

k a
pl

l = a
pl

k = e�r-�%I�akal $Y0 pkpl�%I H =< akal > �BJ��5vw�a1a2 · · ·at$Y 0�p1p2 · · ·pt�R H =< a1 > · < a2 > · · · <
at >�_ H � G $G8p��� < ak > � H $p��%I pk | |H|, |H| �
H $Y�oL! pi, i = 1, 2, ..., t�H�9+$# �%I |H| = p1p2 · · · pt�dTHd)�a1a2 · · ·at $Y 0 p1p2 · · · pt $O �R0 s = pi1 · · · pim , 1 ≤ i1 ≤ ... ≤ im ≤ t�`� (ail)

s = e�%I (a1a2 · · ·at)
s = (aj1 · · ·ajt−m

)s = e�`m K =< aj1 > · · · < ajt−m
>�_ K � G $p��� K $Y 0

l = pj1 · · · pjt−m
�� (aj1 · · ·ajt−m

) � K l$ s Y[�%I s | l�r-�%I a1a2 · · ·at $Y 0�p1p2 · · · pt�KQ�G �BJ��a1a2 · · ·at �'$��[� �"	�)12.6. P72, Ex6:�� �"	�)12.7. P72, Ex7:��A, B �� G$h8V8p��%I A∩B ���L h ∈ H, x ∈
AB�)M�

h× x = hx�_�× �� H ^O AB �$vT�^ AB �)M<4�x ∼ y ⇔Dvh ∈ H�gHh × x = y�_ ∼ � AB�$%T<4�L x ∈ AB�R Ox = {hx|∀h ∈ H} 0 x %^$?"�� x ^%T<4 ∼ 5$%Tb�_�AB =
⋃

x∈AB

Ox�
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�5�6w�L x ∈ AB�+V |Ox| = |A ∩B|�����v H ! Ox $G8,Q�
φ : H → Ox�
h 7→ hx�_�(1 )h1x = h2x⇒ h1 = h2�φ ����

(2 ) L y ∈ Ox�_�^ h ∈ H��# hx = y�φ �q$�%I |AB| %X�9W?"8 � |A ∩B|�℄w�AB $�9W?"8 %X A l�9W?"8 Z B l�9W?"8 eN��6�UX A ���%IL x ∈ A, h ∈ H ⊂ A�+V hx ∈ A�%I
Ox � A $pO�+D�L y ∈ B�V Oy � B $pO�� ai ∈ A, bi ∈ B�� Oa1

6= Oa2
, Ob1 6= Ob2�_L h ∈ H�ha1 6=

a2, hb1 6= b2�KQ a2a
−1
1 ∈H, b2b−1

1 ∈H�� Oa1b1 = Oa2b2�_�^ h ∈ H��#�
ha1b1 = a2b2 ⇒ a−1

2 ha1 = b2b
−1
1 ⇒ b2b

−1
1 ∈ H ⇒ r-�%I�AB l�9W?"$8 %X A l�9W?"$8 Z B l�9W?"$8 eN�KQ� |AB|

|A∩B| = |A|
|A∩B|

|B|
|A∩B|�%I |AB| = |A||B|

|A∩B|� �"	�)12.8. P72, Ex8:��U H ⊆ K ⊆ G � [G : H ] �V8 �%I
[G : K] ≤ [G : H ], [K : K] ≤ [G : H ] +�V8 �R [G : K] = s, [K : H ] = t�� k1H, k2H, ..., ktH ��O K/H l$ t8[#�klH = kmH ⇔ kl = km�g1K, g2K, ..., gsK ��O G/K l$ s 8[#�glK = gmK ⇔ gl = gm��5Ew�gikjH ��O G/H l�+$[#�i = 1, 2, ..., s, j = 1, 2, ..., t�L$ x ∈ G�_�^ gi ∈ G��# giK = xK�%I g−1

i x ∈ K��.�^ kj ∈ K��# g−1
i xH = kjH�KQ�xH = gikjH�%I G/H ⊆

{gikjH|i = 1, 2, ..., s; j = 1, 2, ..., t}�
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℄�L gikjH = glkmH�_ (glkm)−1(gikj) ∈ H ⊆ K�%I
k−1

m g−1
l gikj ∈ K ⇒ g−1

l gi ∈ K ⇒ glK = giK ⇒ gl = gi

⇒ kjH = kmH ⇒ kj = km�%I�O G/H l$[#8 0 st 8��. [G : H ] = [G : K][K : H ]� �"	�)12.9. P72, Ex9:��dT Ex7, 8 $Zp�
[G : A ∩ B] = [G : A][A : A ∩ B]�[G : A ∩ B] = [G : B][B : A ∩ B]��OF
{x(A ∩B) | x ∈ A} ZOF {yB | y ∈ AB} eU�^G8GG,Q�����v {x(A ∩ B) | x ∈ A} ! {yB | y ∈ AB} $,Q�

φ : {x(A ∩ B) | x ∈ A} → {yB | y ∈ AB},
x(A ∩B) 7→ xB�_�(1 )x1(A ∩ B) = x2(A ∩ B) ⇒ x−1

2 x1 ∈ A ∩B ⊆ B

⇒ x1B = x2B ⇒ φ �S��
(2 )y1B = y2B, yi ∈ A, i = 1, 2 ⇒ y−1

2 y1 ∈ B ⇒ y−1
2 y1 ∈ A ∩ B

⇒ y1(A ∩B) = y2(A ∩B)�φ ����
(3 ) L yB ∈ {yB | y ∈ AB}��^ z ∈ A��# zB = yB��.

φ(z(A ∩ B)) = zB = yB�φ �q��R {yB | y ∈ AB} $[#8 0 t�7� t ≤ [G : B]�%I
[G : A ∩ B] = [G : A][A : A ∩ B] = [G : A]t ≤ [G : A][G : B]�%C�f t = [G : B] ⇔ G = AB ⇔ AB = BA = G�"	�)12.10. P72, Ex10��� φ ∈ Aut(G)�_ φ(G) = G =< a > Æ�BJ��%I φ .	Æ φ(a) %
)�� G =< a > �38BJ��_ G hVh8��[ a, a−1�%I φ(a)hVhma{�

φ(a) = a M φ(a) = a−1�`��Aut(G) = {I, φ}��l φ(a) = a−1�
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� G =< a > �V8BJ��� G =< a > � n YBJ��,L
ak ∈ G, 0 < k < n�_ ak � G $��[ ⇔ (k, n) = 1� n �# ��� 0 < k < n�R φk(a) = ak�_ φk ∈ Aut(G)�%I Aut(G) = {φ1, φ2, ..., φn−1}�,G
$ba n�R K = {k | 0 < k < n − 1, (n, k) = 1}�,L
k ∈ K�R

φk : φk(a) = ak�_ φk ∈ Aut(G)�� Aut(G) = {φk | k ∈ K}�"	�)12.11. P72, Ex11:��L$ Tg ∈ Inn(G)�_�
Tg : G→ G

x 7→ gxg−1�� Tg = Te 0 Inn(G) $�1[ ⇔ g ∈ C(G)�C(G) � G $l=�v G ! Inn(G) $S� φ�
φ : G→ Inn(G)

g 7→ Tg_ φ �� G !� Inn(G) $G8q+(S��� Kerφ = C(G)�U&G+()�V
G/C(G) ∼= Inn(G)�

�"	�)12.12. P72, Ex12:��(1 ) O0
Hg1a = Hg2a ⇔ (g1a)(g2a)

−1 ∈ H

⇔ g1aa
−1g2 ∈ H ⇒ g1g2 ∈ H ⇒ g1H = g2H�%I ιa � M �$���L Hx ∈ M��^ Hxa−1 ∈ M��#�ιa(Hxa−1) = H(xa−1)a = Hx�%I ιa �q��%I ιa ∈ T (M)�℄�Hg(ιaιb) = (Hgιa)ιb = (Hga)ιb = Hgab = (Hg)ιab�%I ιaιb = ιab�
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(2 ) 7��φ � G ! T (M) $S��� φ(ab) = ιab = ιaιb = φ(a)φ(b)�%I φ ��+(�
T (M) l$�1[ ιa�_,L g ∈ G�+V ιa(Hg) = Hga = Hg��.

gag−1 ∈ H�%I ιa ��1[ ⇔ ,L g ∈ G�+V gag−1 ∈ H�U Kerφ = {a ∈ G | ιa = ιe} = {ιa|gag−1 ∈ H, ∀g ∈ G}
= {a ∈ G|a ∈ g−1Hg, ∀g ∈ G} = {a ∈ G|a ∈

⋂

g∈G

g−1Hg} =
⋂

g∈G

g−1Hg� �"	�)12.13. P72, Ex13:��R M = {Hg|∀g ∈ G}�_ M �G8[#8 0 n $V8O�℄R T (M) = {ta|a ∈ G�̂ |�ta : G→ G, Hg 7→ Hga}�U Ex12 $Zpd"�T (M) � M �jL� SM $p��v G ! T (M) $�+( φ

φ : G→ T (M)

a 7→ ta�_ φ �q�+(�R K = Kerφ�_ K � G $b=p��� G/K ∼= T (M)�%I [G : K] = |T (M)|�oL T (M) � SM $p��%I |T (M)| | n!��. [G : K] | n!�x)�f� �"	�)12.14. P72, Ex14:��
�"	�)12.15. P72, Ex15:��
�
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esWxaSNfpUio}uO	XQy�}�w}{Vw~t�TZn��̂ ���l
§1 _��v℄hz1.1. P83, Ex1�k�(1 )0 ∈ C(R), C(R) 6= ∅�k� x, y ∈ C(R), z ∈ R ⇒ xz = zx, yz = zy

⇒ (x ± y)z = xz ± yz = zx ± zy = z(x ± y) ⇒ x ± y ∈ C(R)�
(xy)z = x(yz) = x(zy) = (xz)y = (zx)y = z(xy) ⇒ xy ∈ C(R)�~� C(R) y R �H4�

(2 )R y�4 ⇒ k� s ∈ R��2 t ∈ R�XJ st = ts = 1�1 � R ���-�
C(R) �jyB54�A�<�k� x ∈ C(R)��& x−1 ∈ C(R)�xup�k� x ∈ C(R), z ∈ R ⇒ xz−1 = z−1x ⇒ (xz−1)−1 = (z−1x)−1

⇒ zx−1 = x−1z ⇒ x−1 ∈ C(R)� �v℄hz1.2. P83, Ex2�k�k� a, b ∈ A, x ∈ R ⇒ xa ∈ I, xb ∈ I ⇒ (xa+xb) = x(a+b) ∈ I

⇒ a + b ∈ A�
xa ∈ I ⇒ −(xa) ∈ I ⇒ x(−a) ∈ I ⇒ −a ∈ A�k� a ∈ A, x, r ∈ R ⇒ (ra) ∈ I ⇒ x(ra) ∈ I ⇒ ra ∈ A�

1



xa ∈ I ⇒ (xa)r ∈ I ⇒ x(ar) ∈ I ⇒ ar ∈ I�~� A y R �M��1�k� s ∈ I, x ∈ R ⇒ xs ∈ I ⇒ s ∈ A ⇒ I ⊆ A� �v℄hz1.3. P83, Ex3�k�(1 )H + I yH>i�ek� x, y ∈ H + I

⇒ �2 h1, h2 ∈ H, s1, s2 ∈ I�v��x = h1 + s1, y = h2 + s2

⇒ xy = (h1 + s1)(h2 + s2) = h1h2 + (s1h2 + h1s2 + s1s2) ∈ H + I�~� H + I y R �H4�
I �jy H+I �H4�ek� x ∈ H+I ⊆ R, s ∈ I ⇒ xs, sx ∈ I ⇒ Iy H + I �M��Q*H4�BlyH4�~� H ∩ I y H �H4�1�k� h ∈ H ⊆ R, s ∈ H ∩ I ⇒ sh, hs ∈ H e sh, hs ∈ I ⇒ sh, hs ∈

H ∩ I

⇒ H ∩ I y H �M��
(2 ) M H � (H + I)/I �#r�

φ : H → (H + I)/I

h 7→ h + I�
φ y H � (H + I)/I �4���ek� x + I ∈ (H + I)/I�x ∈ H + I��2 h ∈ H, s ∈ I�v� x = h + s ⇒ x + I = h + I ⇒ φ(h) = h + I = x + I

⇒ φ yX���
x ∈ Kerφ ⇒ x + I = 0 + I ⇒ x ∈ I ⇒ Kerφ = H ∩ I�N$4������M�&�

H/(H ∩ I) ∼= (H + I)/I�
�v℄hz1.4. P83, Ex4�k�M R/I � R/J �#r�

φ : R/I → R/J

r + I 7→ r + J�
(1 )φ y#r�r1 + I = r2 + I ⇒ r1 − r2 ∈ I ⊆ J ⇒ r1 + J = r2 + J�

2



(2 )φ ��0}�r1 + I, r2 + I ∈ R/I

⇒ (r1 + r2)+ I 7→ (r1 + r2)+J = (r1 +J)+(r2 +J) = φ(r1 + I)+φ(r2 + I)�
⇒ (r1r2) + I 7→ (r1r2) + J = (r1 + J) + (r2 + J) = φ(r1 + I) + φ(r2 + I)�

(3 )φyXr�k� r+J ∈ R/J��2 r+I ∈ R/I�v� φ(r+I) = r+J�
(4 )Kerφ = J/I�k� s+ I ∈ J/I ⊆ R/J ⇒ s ∈ J ⇒ s+J = 0+J ∈ R/J ⇒ s+ I ∈ Kerφ�k� t + I ∈ Kerφ ⇒ t + J = 0 + J ∈ R/J ⇒ t ∈ J ⇒ t + I ∈ J/I�N$4������M�&�(R/I)/(J/I) ∼= R/J� �v℄hz1.5. P83, Ex5�k�(1 )Kerφ y R �M��n Kerφ = 0�EWO�n Kerφ 6= 0�3�2 0 6= r ∈ Kerφ ⇒ r−1r = 1 ∈ Kerφ

⇒ k� r ∈ R, r · 1 = r ∈ Kerφ ⇒ R ⊆ Kerφ ⇒ Kerφ = R�
(2 )R &��-�< 1 = φ(1) ∈ R�k� r ∈ R��2 r ∈ R�v�

φ(r) = r ⇒
{

r1 = φ(r)φ(1) = φ(r · 1) = φ(r) = r,

1r = φ(1)φ(r) = φ(1 · r) = φ(r) = r
⇒ 1 y R ���-�

R yB54�k� a, b ∈ R��2 a, b ∈ R�v� φ(a) = a, φ(b) = b

⇒ ab = φ(a)φ(b) = φ(ab) = φ(ba) = φ(b)φ(a) = ba�
R D\�*& 0 -�&a-�k� 0 6= a ∈ R��2 a ∈ R�v�

φ(a) = a�φ y�, ⇒ a 6= 0�( R y, ⇒ �2 b ∈ R�v� ab = ba = 1

⇒ φ(ab) = φ(ba) = φ(1) = 1, φ(a)φ(b) = φ(b)φ(a) = 1 ⇒ φ(b) y a 2 R D�a-� �v℄hz1.6. P83, Ex6�k�< Zm D�-|� s�Zr D�-|� [t]�6t�
φ : Zm → Zr

a 7→ [a]�
(1 )φ y#r�a1 = a2 ⇒ m | (a1 − a2) ⇒ r | (a1 − a2) ⇒ [a1] = [a2]�
(2 )φ ��0}�a1 + a2 = a1 + a2 7→ [a1 + a2] = [a1] + [a2]�
a1a2 = a1a2 7→ [a1a2] = [a1][a2]�

3



~� φ y Zm � Zr �i���k� x ∈ Kerφ ⇒ [x] = [0] ⇒ r | x ⇒ Kerφ = {0, r, ..., (m
r
− 1)r}�

Zm/Kerφ = {Kerφ, 1 + Kerφ, ..., r − 1 + Kerφ}� �

§2 _Y\�v℄hz2.1. P91, Ex1�k�s a �4 R ��*LT!H�3�2 0 6= b ∈ R�v� ab = 0�n ba = 0�3 a =yLT!H(y'T!H�n ba 6= 0�< x = ba�3 ax = a(ba) = (ab)a = 0; xb = (ba)b = b(ab) =

0�x =yLT!H(y'T!H� �v℄hz2.2. P91, Ex2�k�k� a1 + b1

√
−5, a2 + b2

√
−5, a3 + b3

√
−5 ∈ Z[

√
−5],

ai, bi ∈ Z, i = 1, 2, 3�3�
(a1 + b1

√
−5) + (a2 + b2

√
−5) = (a1 + a2) + (b1 + b2)

√
−5 ∈ Z[

√
−5]�+y Z[

√
−5] ��{0}�

[(a1 + b1

√
−5) + (a2 + b2

√
−5)] + (a3 + b3

√
−5)

= (a1 + a2 + a3) + (b1 + b2 + b3)
√
−5

= (a1 + b1

√
−5) + [(a2 + b2

√
−5) + (a3 + b3

√
−5)]�

(Z[
√
−5], +) XJE3V��2 0 = 0 + 0

√
−5 ∈ Z[

√
−5], (a1 + b1

√
−5) + (0 + 0

√
−5)

= a1 + b1

√
−5�0 + 0

√
−5 y (Z[

√
−5], +) ���-��2 (−a1) + (−b1)

√
−5 ∈ Z[

√
−5],

(a1 + b1

√
−5) + [(−a1) + (−b1)

√
−5] = 0�(−a1) + (−b1)

√
−5 y a1 + b1

√
−5�)-�

(a1 + b1

√
−5) + (a2 + b2

√
−5) = (a1 + a2) + (b1 + b2)

√
−5

= (a2 + b2

√
−5) + (a1 + b1

√
−5)�(Z[

√
−5], +) XJB5V�

(Z[
√
−5], +) y�*>i�

4



(a1 + b1

√
−5) · (a2 + b2

√
−5) = (a1a2 − 5b1b2) + (a1b2 + a2b1)

√
−5 ∈

Z[
√
−5]�· y Z[

√
−5] ��{0}�

[(a1 + b1

√
−5) · (a2 + b2

√
−5)] · (a3 + b3

√
−5)

= [(a1a2 − 5b1b2) + (a1b2 + a2b1)
√
−5] · (a3 + b3

√
−5)

= [(a1a2−5b1b2)a3−5(a1b2+a2b1)b3]+[(a1a2−5b1b2)b3+(a1b2+a2b1)a3]
√
−5

= (a1 + b1

√
−5) · [(a2 + b2

√
−5) · (a3 + b3

√
−5)]�

(Z[
√
−5], ·) XJE3V�
[(a1 + b1

√
−5) + (a2 + b2

√
−5)] · (a3 + b3

√
−5)

= (a1 + b1

√
−5) · (a3 + b3

√
−5) + (a2 + b2

√
−5) · (a3 + b3

√
−5)�

(a3 + b3

√
−5) · [(a1 + b1

√
−5) + (a2 + b2

√
−5)]

= (a3 + b3

√
−5) · (a1 + b1

√
−5) + (a3 + b3

√
−5) · (a2 + b2

√
−5)�Æ# · �># + &'V�

1 = 1 + 0
√
−5 ∈ Z[

√
−5]�

1 · (a1 + b1

√
−5) = a1 + b1

√
−5 = (a1 + b1

√
−5) · 1�1 y (Z[

√
−5], ·) ���-�

(a1 + b1

√
−5) · (a2 + b2

√
−5) = (a2 + b2

√
−5) · (a1 + b1

√
−5)�

(Z[
√
−5], ·) XJB5V�n (a1 + b1

√
−5) · (a2 + b2

√
−5) = (a1a2 −5b1b2)+ (a1b2 +a2b1)

√
−5 = 0e a1 + b1

√
−5) 6= 0 ⇒

{

a1a2 − 5b1b2 = 0

a1b2 + a2b1 = 0n a1 6= 0 ⇒
{

a2 = 5b1b2
a1

a1b2 + a2b1 = 0
⇒ a1b2 + 5b1b2

a1

b1 = 0

⇒ (a2
1 + 5b2

1)b2 = 0 ⇒ b2 = 0 ⇒ a2 = 0

⇒ a2 + b2

√
−5 = 0�n b1 6= 0 ⇒

{

b2 = a1a2

5b1

a1b2 + a2b1 = 0
⇒ (a2

1 + 5b2
1)a2 = 0 ⇒ a2 = 0 ⇒

b2 = 0

⇒ a2 + b2

√
−5 = 0�~� (Z, +, ·) y&��-e[&T!H�B54�y:4� �v℄hz2.3. P91, Ex3�k�2uP�1{4 C[0, 1] D��21{

5



f(x) =

{

0 0 ≤ x ≤ 1
2

x − 1
2

1
2

< x ≤ 1
; g(x) =

{

x − 1
2

0 ≤ x ≤ 1
2

0 1
2

< x ≤ 1XJ�f(x) 6= 0, g(x) 6= 0 � f(x)g(x) = 0��; C[0, 1] D�2T!H�~� C[0, 1] �y:4�2 n y3{t�s n = n1n2, n1 < n, n2 < n�3 [n1] 6= 0, [n2] 6= 0 !
[n1][n2] = [n1n2] = [n] = 0�~� Zn �y:4� �v℄hz2.4. P92, Ex4d�Z[i] = {a + b

√
−1 | a, b ∈ Z} �y�*:4�

Z[i] �'w,
Z[i] = {αβ−1 | α, β ∈ Z[i], β 6= 0}
= {a + b

√
−1 | a, b ∈ Q}

= Q[
√
−1]� �v℄hz2.5. P92, Ex5�k�Fn y, F p�~& n D$8�h��

Fn -)I8�>#2Æ#,�*4�
Fn -)I8�>#2 F + Fn ��RÆ#,�*�{��) n2 ���L��~� Fn y, F p��*&Æ��{� �

§3 [|q_v℄hz3.1. P98, Ex1d�Z7 y�*,�N$'V
([3]x2 + [5]x + [4])([4]x2 + [2]x + [3])

= [12]x4 + [6]x3 + [9]x2 + [20]x3 + [10]x2 + [15]x + [16]x2 + [8]x + [12]

= [5]x4 + [5]x3 + [2]x + [5]� �v℄hz3.2. P98, Ex2d�(1 )(x + i)(x − i) = x2 − ix + ix − i · i = x2 + 1�
(2 ) 2 x = k t�x2 + 1 = k2 + 1 = (−1) + 1 = 0�!

6



(k + i)(k − i) = k2 − ki + ik − ii = j + j 6= 0� �v℄hz3.3. P98, Ex3�k�R D&��- 1�e 1 ∈ R[x] �y R[x] ���-�k� a0 + a1x + ... + anxn, b0 + b1x + ... + bmxm ∈ R[x]�&�
(a0 + a1x + ... + anxn) · (b0 + b1x + ... + bmxm)

= (a0b0) + (a0b1 + a1b0)x + ... + (
k
∑

i=0

aibk−i)x
k + ... + anbmxn+m

= (b0a0) + (b1a0 + b0a1)x + ... + (
k
∑

i=0

bk−iai)x
k + ... + anbmxn+m

= (b0+b1x+...+bmxm)·(a0+a1x+...+anxn)�dD i > nt ai = 0�k−i > mt bk−i = 0�
R[x] XJB5V�k� 0 6= a0 + a1x + ... + anxn, 0 6= b0 + b1x + ... + bmxm ∈ R[x]��%s an 6= 0, bm 6= 0�3
(a0 + a1x + ... + anxn) · (b0 + b1x + ... + bmxm)

= (a0b0) + (a0b1 + a1b0)x + ... + (
k
∑

i=0

aibk−i)x
k + ... + anbmxn+m 6= 0�

R[x] D[&T!H�~� R[x] y:4� �v℄hz3.4. P98, Ex4�k�(1 )T 6= ∅�ek� (

a1 b1

0 c1

)

,

(

a2 b2

0 c2

)

∈ T�&
(

a1 b1

0 c1

)

+

(

a2 b2

0 c2

)

=

(

a1 + a2 b1 + b2

0 c1 + c2

)

∈ T�
−
(

a1 b1

0 c1

)

=

(

−a1 −b1

0 −c1

)�
(T, +) y (M2(Z), +) �H>i�

(

a1 b1

0 c1

)

·
(

a2 b2

0 c2

)

=

(

a1a2 a1b2 + b1c2

0 c1c2

)

∈ T�
(T, ·) y(���~� (T, +, ·) y (M2(Z), +, ·) �H4�

7



(2 ) ?C�<�(I, +) y (M2(Z), +) �H>i�k� (

a b

0 c

)

∈ T,

(

0 2d

0 0

)

∈ I�&
(

a b

0 c

)

·
(

0 2d

0 0

)

=

(

0 2ad

0 0

)

∈ I,

(

0 2d

0 0

)

·
(

a b

0 c

)

=

(

0 2cd

0 0

)

∈ I�~& I y T �M��
�I � (M2(Z), +) ����
(3 ) < T/I D�-|� [

(

a b

0 c

)

]�3
[

(

a1 b1

0 c1

)

]

=
[

(

a2 b2

0 c2

)

]

⇔
(

a1 b1

0 c1

)

−
(

a2 b2

0 c2

)

∈ I

⇔
(

a1 − a2 b1 − b2

0 c1 − c2

)

∈ I ⇔















a1 = a2

c1 = c2

b1 − b2 ∈ 2Z

�~�
T/I =

{[

(

x 1

0 y

)

]

,
[

(

x 2

0 y

)

]
∣

∣

∣
x, y ∈ Z

}� �v℄hz3.5. P98, Ex5�k�(1 )In ∈ D(R)�D(R) 6= ∅�e
D(R) + D(R) = D(R), −D(R) = D(R), D(R) · D(R) = D(R)�~� D(R) y Mn(R) �H4�

(2 ) !� R yB54�~� D(R) ⊆ C(D(R))�< Ei y (i, i) �C� 1�d*�C� 0 � n D$8�3 Eii ∈ D(R)�1�k� A = (aij)n ∈ C(D(R))�3
EiA = AEi��;

8

































0 · · · 0 · · · 0
... · · · ... · · · ...

0 · · · 0 · · · 0

ai1 · · · aii · · · ain

0 · · · 0 · · · 0
... · · · ... · · · ...

0 · · · 0 · · · 0































=



















0 · · · 0 a1i 0 · · · 0
... · · · ...

...
... · · · ...

0 · · · 0 aii 0 · · · 0
... · · · ...

...
... · · · ...

0 · · · 0 ani 0 · · · 0



















⇒ i 6= j, aij = 0 ⇒ A ∈ D(R)�~� C(D(R)) = D(R)� �

§4 b`_v℄hz4.1. P104, Ex1�k�(1 ) 4 R ��9� p ⇒ k� r ∈ R & pr = 0�1�R yB54�2B54Db�"�w�MO�~�
(a + b)pn

=
pn
∑

k=0

Ck
pnakbpn−k�F���0 < k < pn t�p | Ck

pn ⇒ Ck
pna = 0�~�

(a + b)pn

= apn

+ bpn�
(2 )φ y R p�#r�e

φ(a + b) = (a + b)p = ap + bp = φ(a) + φ(b)�
φ(ab) = (ab)p = apbp = φ(a)φ(b)�

φ y R � R �4���
(3 ) �<_�φ y R p����"�
Kerφ = {r ∈ R | rp = 0} = {0} ⇒ φ y�r�k� a ∈ R� �v℄hz4.2. P104, Ex2�k�Z[i] y&��- 1 �B54��<_ Z[i]/(1 + i) y,�A�<_�(1 + i) y Z[i] �8�M��
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%) Z[i] y&��-�B54�~�
(1 + i) = {(a + bi)(1 + i) | a + bi ∈ Z[i]}�kf Z[i] ��*M� J ) (1 + i)�3�2 c + di ∈ J e c + di /∈ (1 + i)�%) (1 + i)(1 + i) = −2i ∈ (1 + i) ⇒ 2 = 2(1 + i) − 2i ∈ (1 + i)

⇒ 2k + 2li, (2k + 1) + (2l + 1)i = (2k + 2li) + (1 + i) ∈ (1 + i), ∀k, l ∈ Z

⇒ c − d����1
c + di = 2k + (2l + 1)i ⇒ i = 2k + (2l + 1)i − (2k + 2li) ∈ J�
c + di = (2k + 1) + (2l)i ⇒ i = 2k + (2l + 1)i − (2k + 2li) ∈ J�2 i ∈ J t�−1 = ii ∈ J ⇒ 1 ∈ J�~� 1 ∈ J ⇒ J = Z[i] ⇒ (1 + i)� Z[i] ��Æ��
⇒ Z[i]/(1 + i) ��� �v℄hz4.3. P104, Ex3�k�R y[&��-�B54�~�

(4) = {2k · 4 + n · 4 | k, n ∈ Z} = {�� 4 ���}��y R �K�M��xup�f R �7M� J�m. J ( (4)�3Bq�2�*{
n = 4k + 2 ∈ J e n /∈ (4)��! 2 ∈ J ⇒ J = R�

2 /∈ (4)�~�2 R/(4)D�2 = 2+(4) 6= 0�! 2 ·2 = 4 = 0��;�R/(4)D&T!H�~� R/(4) �y,� �v℄hz4.4. P104, Ex4�k�Z[i] y&��-�B54�~�
(5) = {5(a + bi) | a + bi ∈ Z[i]} = {5a + 5bi | a, b ∈ Z}�

(11) = {11(a + bi) | a + bi ∈ Z[i]} = {11a + 11bi | a, b ∈ Z}�
(1 )1 + 2i /∈ (5), 1 − 2i /∈ (5) � (1 + 2i)(1 − 2i) = 5 ∈ (5)�~� (5) �y|M��
(2 ) k� a + bi /∈ (11)�3

11 ∤ a, 11 | b 75 11 | a, 11 ∤ b 75 11 ∤ a, 11 ∤ b�
10



f x + yi ∈ Z[i]�v�
(x + yi)(a + bi) = (ax − by) + (bx + ay)i ∈ (11)��;�

{

11 | (ax − by)

11 | (bx + ay)

⇒
{

ax − by = 11n

bx + ay = 11m
m, n ∈ Z

⇒
{

(a2 + b2)x = 11(an + bm)

(a2 + b2)y = 11(am − bm)
�2 11 ∤ a, 11 | b 75 11 | a, 11 ∤ b t�& 11 ∤ (a2 + b2)��!

11 | x e 11 | y�
x + yi ∈ (11)�2 11 ∤ a, 11 ∤ b t�s

{

a = 11k + r1, 0 < r1 < 11

b = 11l + r2, 0 < r2 < 113
a2 + b2 = 11s + r2

1 + r2
2%
S�>#	�

+ | 1 4 9 16 25 36 49 64 91 100

− | − − − − − − − − − −
1 | 2

4 | 5 8

9 | 10 13 18

16 | 17 20 25 32

25 | 26 29 34 41 50

36 | 37 40 45 52 61 72

49 | 50 53 58 65 74 85 98

64 | 65 68 73 80 89 100 113 128

81 | 82 85 90 97 106 117 130 145 162

100 | 101 104 109 116 125 136 149 164 181 200
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K����11 ∤ (r2
1 + r2

2)��;�11 ∤ (a2 + b2)�~�
11 | x e 11 | y�~� x + yi ∈ (11)�(11) y Z[i] �|M��v℄hz4.5. P104, Ex5�k��j ∞

⋂

i=1

Pi = P 6= R�k� x, y ∈ R�XJ x · y ∈ P e x /∈ P��<_�y ∈ P�?s y /∈ P�3�2 m�v� y /∈ Pm�( x /∈ P�~��2 n�v�
y /∈ Pn�f t = min{m, n}�%) pm ⊇ Pt, Pn ⊇ Pt��! x /∈ Pt e y /∈ Pt�1�Pt y|M��~� x · y /∈ Pt��! x · y /∈ P�Y �~� P ly|M�� �

§5 �_Y�Rgjv℄hz5.1. P115, Ex1�k�(1 ) ?s a + bi y���3�2 c + di ∈ Z[i]�v�
(a + bi)(c + di) = 1�! N((a+bi)(c+di)) = N(a+bi)N(c+di)�~� N(a+bi) = N(c+di) = 1�?s a + bi ∈ Z[i]�XJ�N(a + bi) = a2 + b2 = 1�~� a = ±1, b = 075 a = 0, b = ±1�; a + bi = 1, a + bi = −1, a + bi = i, a + bi = −i�! 1 · 1 = (−1) · (−1) = i · (−i) = i · (−i) = 1�~� ±1, ±i y Z[i] ����

(2 ) s α = a + bi y 1 − 2i �!H�3�2 β = c + di ∈ Z[i]�v�
1 − 2i = (a + bi)(c + di)��! N(1 − 2i) = N((a + bi)(c + di)) = N(a + bi)N(c + di)�; N(a +

bi)N(c + di) = 5�%) 5 y|{�~� N(a + bi) = 5, N(c + di) = 1 75
N(a + bi) = 1, N(c + di) = 5�N$ (1 ) �EW�& c + di ���75 a + bi y���~� 1− 2i �!HA&���: 1 − 2i ���-�~� 1 − 2i y Z[i] D�=/-� �
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v℄hz5.2. P116, Ex2�k��<_�Z[2] = {a+b
√

2 | a, b ∈ Z}y Euclid4�-Ay4� Z[2]� {0}∪Z+ �#r φ�v�k� x, y ∈ Z[
√

2], y 6= 0���2 q, r ∈ Z[
√

2]�v� x = qy + r�dD r = 0 75 φ(r) < φ(y)�2 Z[
√

2] p� #r�
φ : Z[

√
2] → {0} ∪ Z+

a + b
√

2 7→ N(a + b
√

2) = |a2 − 2d2|�
^�<�k� x, y ∈ Z[
√

2]�XJ
N(xy) = N(x)N(y)�s x = a + b

√
2, y = c + d

√
2�3 xy = (ac + 2bd) + (ad + bc)

√
2

⇒ N(xy) = |(ac+2bd)2 −2(ad+ bc)2| = |(a2 −2b2)(c2 −2d2)| = N(x)N(y)��k�� α = a+b
√

2, β = c+d
√

2 ∈ Z[
√

2], β 6= 0�2	℄2 Z[
√

2]�o, Q
√

2 pJU α
β
�Ks α

β
= x + y

√
2, x, y ∈ Q�%) x, y ∈ Q�~��2 u, v ∈ Z�v� |x − u| ≤ 1

2
, |y − v| ≤ 1

2
�f q = u + v

√
2 ∈ Z[

√
2]�γ

β
= (x − u) + (y − v)

√
2�3 N( γ

β
) = |(x − u)2 − 2(y − v)2| ≤ |(x − u)2| + 2|(y − v)2| ≤ 1

4
+ 21

4
< 1�6���2 q = u + v

√
2,

γ = [(x−u)+(y−v)
√

2](c+d
√

2) = (x+y
√

2)(c+d
√

2)−(u+v
√

2)(c+d
√

2)

= (a + b
√

2) − (u + v
√

2)(c + d
√

2) ∈ Z[
√

2]�XJ�
α = qβ + γ, N(γ) < N(β)�~� Z[

√
2] y Euclid 4� �v℄hz5.3. P116, Ex3�k�s R y Enclid 4�I y R ��*&TM��%) R p�2�*#r�

φ : {R �&T-h� } → Z+ ∪ {0}�3 φ(I − {0}) y�*&LIj{9�̀ Z�2K�Ij{ m ∈ φ(I − {0})��!�2 a ∈ R, a 6= 0�v� φ(a) = m�k� b ∈ I�%) R y Euclid :4�~��2 q, r ∈ R�v�
b = aq + r�dD r = 0 7 φ(r) < φ(a)�
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( a, b ∈ I�~� r = b − aq ∈ I�1�φ(a) y φ(I − {0}) �K�-�~�
r = 0��! b = aq ∈ (a) ⇒ I = (a)� �v℄hz5.4. P116, Ex4�k�s R y�*EM�:4�I ydk�M��I = (a)�JUIj4���

φ : R → R/I

r 7→ [r] = r + I�kf R/I ��*M� J ′�d2 φ >
��h.�� φ−1(J ′) = J�3 J ⊇ Iy R �M��% R yEM�:4�~�Ks J = (b) = Rb = {rb | r ∈ R}�m
�<_�J ′ = ([b])�!� b ∈ J�~� [b] ∈ J ′�k� [c] ∈ J ′�3�2 c ∈ J v� φ(c) = [c]�( J = (b)�~��2 r ∈ R v� c = rb�~�
[c] = φ(c) = φ(rb) = φ(r)φ(b) = [r][b] ∈ ([b])�~� J ′ ⊆ ([b])�( [b] ∈ J ′, ([b]) ⊆ J ′�~� J ′ = ([b])� �v℄hz5.5. P116, Ex5�k�R y��'F4�~� R y�*:4�ek� a ∈ R��2���=/-�G'F�

a = pr1

1 pr2

2 · · · prs
s , pi y R D�����|-�ri y;:{��k��-| a, b ∈ R�s�℄��G'F'
��

a = pr1

1 pr2

2 · · · prs
s , b = qn1

1 qn2

2 · · · qnt

t �f a, b ��G'FwD���=/-!H�%) R yB54��%s p1 +
q1 ���...�pm + qm ���<

c = p
min{r1, n1}
1 p

min{r2, n2}
2 · · · pmin{rm, nm}

m �
^<_�c y a, b �K�+!H�z� c y a, b �+!H�?s d y a, b �+!H�d �'Fw��
d = us1

1 us2

2 · · ·usv
v% d | a�K= ui y a �=/!H��y b �=/!H�1%�gV�si �6�/�℄2 a, b ��G'FwD��{�~� d | c��Hy�c y a, b �K
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�+!H� �v℄hz5.6. P116, Ex6�k�!� a ∈ (b) ⇔ b | a�e (b) = (c) ⇔ b + c ���(!� R y��'F4�~�k� 0 6= a ∈ R�a �7!Hy&Æ��~� R DG&&Æ*0 a �EM�� �

§6 _YPr�m
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